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ABSTRACT 

Thir  r epo r t  presents  t he  r e s u l t s  of t he  study of s u r f a c e  e l e v a t i o n  

devia t ions  i n  the Culf Stream region o f f  t he  ea s t e rn  coas t  of t h e  United 

S t a t e s  between Wallops I s l and ,  Vi rg in ia  and Miami, F lor ida .  The main causes  

* of su r f ace  e leva t ion  devia t ions  a r e  geoid per turba t ions  due t o  t h e  c o n t i n e n t a l  

rhelf and t h e  geostrophic adjustment of t h e  dens i ty  f i e l d  due t o  t h e  Culf 

Stream. Quant i ta t ive su r f ace  e l eva t ion  p r o f i l e s  were c a l c u l a t e d  based on 

geophysical measurements of g r a v i t y  anomalies and hydrographic da t a .  The 

r e s u l t s  are presented graphica l ly  a long  wi th  contemporaneous weather da t a .  

Comparisons a r e  made betwern the  p r o f i l e s  bared on hydrographic d a i s  and e 

mean t h e o r e t i c a l  model. Tile agreement is genera l ly  good. The theory of 

geostrophic flows inc lud i rg  some c l a s s i c a l  Culf Stream models is a l s o  presented 

b r i e f l y  . 
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1. INTRODUCTION AND SUEWARY OF RESULTS 

I 1.1 INTRODUCTION 

1 
. i The o b j e c t i v e s  of t h e  C~4lf Stream model s t u d y  a r e  (a) t o  f i n d  our  t h e  

l o c a t i o n s  and magnitudes of s u r f a c e  e l e v a t i o n  d e v i a t i o n s  due t o  water movcment 

i 

l and o t h e r  causes ,  (b) t o  use such r e s u l t s  t o  i n t e r p r e t  t h e  s a t e l l i t e  a l t i m e t e r  

i data, and f i n a l l y ,  ( c )  t o  c a l c u l a t e  wa te r  movement based s o l e l y  on s a t e l l i t c  
. . 

a l t i m e t e r  measurements. Due t o  t h e  l i m i t i n g  scope  of t h e  p r e s e n t  phase  of t h e  
i 

i r t u d y ,  t h i s  r e p o r t  p r e s e n t s  t h e  r e s u l t s  of a s t u d y  of s u r f a c e  e l e v a t i o n  

d e v i a t i o n  due t o  wa te r  movement and g r a v i t y  a n o a u l i e s  a long  t h e  Gulf Stream 

between Miami, F l o r i d a ,  and Wallops I s l a n d ,  V i r g i n i a .  

I n  Chapter 2 ,  a b r i e f  d i s c u s s i o n  of t h e  r e l a t i o n  between s u r f a c e  e l e v a t i o n  

, . d e v i a t i o n  and t h e  water movement is  presented.  T h i s  i n c l u d e s  t h e o r y  of 

i geos t roph ic  flow, numerical  procedure used t o  c a l c u l a t e  t h e  s u r f a c e  e l e v a t i o n  

hszed cn h y d r ~ z r a p h + ~  da ta :  clnnsical Cu1.f Stream models. and a mean numerical  ! 

[ a n d e l  of t h e  Gulf Stream using a l l  t h e  e x i s t i n g  hydrographic  d a t a  i n  t h e  North 

I A t l a n t i c  Ocean. 

I Chapter 3 p r e s e n t s  a l l  o f  t h e  s u r f a c e  e l e v a t i o n  p r o f i l e s  c a l c u l a t e d  by 

t h e  method d i scussed  i n  Chapter 2 and based on d a t a  pub l i shed  by t h e  N a t i o n a l  

Oceanographic Data Center ,  NOAA, cover ing  a l l  of  t h e  s h i p  bound surveys  from 

1912 t o  1972. Together wi th  t h e  p r o f i l e s ,  wind d a t a  a r e  p resen ted  whenever 

a v a i l a b l e .  The p r o f i l e s  a r e  a l s o  compared w i t h  t h e  r e s u l t s  of t h e  mean 

numerical  model of t h e  Gulf Stream. Thc agreement is g e n e r a l l y ,  and i n  a mean 

sensc ,  good. 

Chapter 4 d e a l s  w i t h  t h e  c a l c u l a t i o n  of gcoid  p e r t u r b a t i o n  a t  t h e  

c o n t i n e n t a l  ohe l f .  Due t o  t h e  l a c k  of d a t a ,  an approximat ion method has  been 

used. The procedurcs of approximat ion,  c a l c u l a t i o n  and t h e  r c s u l t e  a r e  

preeented.  



1.2 CONCLUSIONS 

The r e s u l t s  of t h i s  study i n d i c a t e  t h a t :  

(a) A mean Culf Stream model can be cons t tuc tcd  bu t  such a model can only 

be used a s  a n  es t imate  of t he  l oca t ion  and t h e  s t r e n g t h  of t h e  Gulf 

Stream. Individual  cases  may dev ia t e  s u b s t a n t i a l l y  from such a model 

by perhaps 100% i n  s t rength  a s  a r e s u l t  of seasona l  f l u c t u a t i o n s  and 
. * 

also due t o  l o c a l  meteorological condi t ions.  

(b) The mean loca t ion  of t he  Culf Stream south of Capc Hrrtteras genera l ly  fol lows 

t h e  con t inen ta l  she l f  break where l a r g e  geold pe r tu rba t ions  e x i s t  due t o  

t h e  cont inenta l  rise. The change of t h e  geoid e l eva t ion  v a r i e s  from one 

loca t ion  t o  another ,  bu t ,  i n  genera l ,  t h e  magnitude is l a r g e r  than t h a t  

produced by t h e  Culf Stream. However, t h e  l o c a t i o n  and t h e  magnitude of 

t h e  geold per turba t ion  a r e  f ixed  i n  space and t i m e .  Such f e a t u r e s  can be  

easiiy Fiicered our oi u b s e r v v i i v ~ r a i  &to. 

(c) Due t o  t h e  high mobil i ty  of t h e  Gulf Stream, shipbound surveys a lone  a r e  

d e f i n i t e l y  i n s u f f i c i e n t  t o  determine t h e  n a t u r e  of t he  motion. Remote 

sensing methods have t o  be used, not i n  l i e u  o f ,  bu t  r a t h e r  i n  complement 

to t he  s tandard hydrographic method. 



2. THEORY AND CALCULATION OF DYNVIIC HEIGiITS AND GULP STHEI\M MODELS 

2.1 lKTRODUCTION 

The d i s t r i b u t i o n  of temperature ,  s a l t ,  d e n s i t y  and p r e s s u r e  w i t h i n  and 

m t i o n  of any body o r  p a r t  t h e r e i n  of v a t e r  i s  approximately  governed by o 

ayrtem of  seven non-linear p a r t i a l  d i f f c r e n t i a l  e q u a t i o n s ,  i.e., 

a s  bS + U.---: a as  
b t J , ,  . J - -(DG - )  a * ~  dx i  

where u is t h e  v e l o c i t y ,  n t h e  e a r t h ' s  r o t a t i o n a l  v e c t o r ,  P t h e  p r e s s u r e ,  

g t h e  g r a v i t a t i o n  a c c e l e r a t i o n ,  t h e  d e n s i t y ,  t h e  Kronecker d e l t a ,  S 

the s a l i n i t y ,  T t h e  temperature ,  p t h e  molecular v i s c o s i t y ,  t t h e  c y c l i c  

t ensor ,  D t h e  eddy d i f f u s i v f t y ,  K t h e  eddy c o n d u c t i v i t y ,  d t h e  c o c i f i c i c n t  

of t h c r m l  expansion,  & t h e  c o e f f i c i e n t  o f  vo lumet r ic  expansion and t h e  

r u b s c r i p t s  1, j, k a r e  each equal  t o  1, 2 and 3. These e q u a t i o n s  d e s c r i b e  t h e  

behavior of a b a r o c l i n i c  f l u i d  i n  a n  a r b i t r a r i l y  shnpcd b a s i n  on a  s p h e r i c a l  

e a r t h  w i t h  boundary, bottom, s i d e  and s u r f a c e ,  c o n d i t i o n s  which a r e  c o n s i s t c n t  

vith  the phys ica l  c f f e c t s  and subsequent c o n s t r a i n t s  of t h e  surrounding cnviron-  



The complete system of e q u a t i o n s  (2.1 through 2.7) is  i m p o ~ s i h l e  t o  s o l v e  

given t h e  p resen t  s t a t e  of m t h c m n t i c a l  a r t .  Under c e r t a i n  c o n d i t i o n s  however, 

o i m p l i f i c a t i o n s  bascd on a p p r o p r i a t e  p h y s i c a l  c o n s i d e r a t i o n s  can be made t o  

reduce t h e  equa t ions  t o  a  more manageable, t r a c t i b l e  form. I n  t h e  c a s e  of 

m j o r  ocean c u r r e n t  systems, t h e  motions a r c  r a t h e r  s t e a d y  and t o  a  lower o r d e r  

approximation,  i t  can be assumed t h a t  t h e  r a t i o  of t h e  non- l inear  a c c e l e r a t i o n  

' -  t o  t h e  r o t a t i o n a l  f o r c e ,  i.e., t h e  v e r t i c a l  component of r e l a t i v e  v o r t i c i t y ,  is 

r a t h e r  smal l .  S ince  molecular f r i c t i o n  and v e r t i c a l  a c c e l e r a t i o n s  can  always 

be neg lec ted  i n  t h e  s t e a d y  s t a t e  and fu r rhennore  because  we m y  assume t h a t  

t u r b u l e n t  s t r e s s e s  change slowly over  d i s t a n c e s  which a r e  s h o r t  compared t o  t h e  

c h a r a c t e r i s t i c  l e n g t h  of t h e  f low, then  w are permi t t ed  t o  s i m u l a t e  a p a r t i c u l a r  

c l a s s  of motions c a l l e d  "geostrophic cur ren t s . "  As long  as t h e  c u r r e n t  sys tem 

under i n v e s t i g a t i o n  is  n o t  i n  a l a t e r a l  f r i c t i o n a l  boundary l a y e r ,  where s h a r p  

h o r i z o n t a l  g r a d i e n t s  of v e l o c i t y  can be generated oz i n  e i t h e r  one o r  two 

v e r t i c a l  f r i c t i o n a l  boundary l a y e r s  which i n c l u d e  s t r o n g  v e r t i c a l  v e l o c i t y  

g r a d i e n t s ,  t h e  geos t roph ic  assumption can  y i e l d  u s e f u l  approximat ions  t o  t h e  

a c t u a l  c u r r e n t  system. I n  such c a s e s ,  t h e  governing momentum e q u a t i o n s  ( t h e  

reduced Navier-Stokes' system) become: 

and 

where t h e  s u b s c r i p t  H denotes  h o r i z o n t a l  components. 

We can i n t e g r a t e  (2.9) i n  z and combine w i t h  (2 .8)  t o  g e t  



vhere is  the  devia t ion  of the f r e e  sur face  from mean sea  l c v e l .  Obvious 

f a c t o r s  influencing departures  of sea  sur face  e leva t ion  from n l c v e l  of constant  

z are i m p l i c i t l y  evident i n  equation (2.11). 

I n i t i a l l y  the c u r r t n t  f i e l d  w i l l  cause t h e  dens i ty  f i e ld .  of s ea  water t o  

ad jus t  to  t he  apparent r o t a t i o n a l  force .  The dens i ty  f i e l d  adjustment can be 

evaluated using hydrographic da ta  through the dynamic hciglrt mothod (Fomin , 1964 ; . 
Neumnn, 1968). I n  addi t ion  to  geostropliic adjustment, surfncc slope can a l s o  

change i n  response t o  g rav i t a t i ona l  ono~ucllics, i . c .  , l o c a l  changes i n  thc value  

of the  g rav i t a t i ona l  acce lera t ion  funct ion.  Gravi ta t iona l  anomalies can become 

espec ia l ly  s ign i f i can t  f o r  two reasons. F i r s t l y ,  we a r e  i n t e r e s t e d  i n  obta in ing  

information about t he  cur ren t  systems based on su r f ace  s lope measurements only 

and therefore  any departures  from a f l a t  sur face  a r e  i n t e rp re t ed  a s  h a v i ~ g  been 

caused by geostrophic adjustment (or winds, e t c . )  i f  no o the r  co r r ec t ion  has been 

i o l l w s  t h e  cont inenta l  shelf  break countour which is  a region of ro the r  abrupt  

changes i n  t h e  g rav i t a t i ona l  acce l e ra t ion  value and subsequently i n  t he  gravimctr ic  

geoidal height.  A t  t he  cont inenta l  she l f  break, t h e r e  a r e  changes i n  depth of 

the order  of a  hundred meters t o  f i v e  thousand meters over ho r i zon ta l  d i s tances  

of the  order  of severa l  t o  s eve ra l  t ens  of kilometers.  

These tvo f a c t s ,  i .e . ,  t h e  ex is tence  of i n t ense  cu r r en t  systems along t h e  

rhe l f  break of ves te rn  oceanic boundaries, i n  the  Northern hcruisphere, coup?cd 

with the dramatic change i n  gravimctric geoidal  height  t ransverse  t o  t he  western 

boundary make f o r  cxtremely d i f f i c u l t  complcxities i n  t he  s o l u t i o n  of t h e  problem 

of i n t e r e s t  t o  the ocean dynamicist as i t  is coupled t o  t h e  primary problem of 

i n t c r e e t  of the  gravi ty  minded rn~r inc  gcophysicis t .  Roth problems, t h a t  of sca 

rurface s lope  associated v i t h  winds, cu r r en t s  and hydrofirophy and t h a t  of 

determining the c r u s t a l  and subcrustnl  s t r u c t u r e  of t hc  e a r t h  can be a t tacked  



most d i r e c t l y  and s y n o p t i c a l l y  through t h e  use  of s a t e l l i t e  imagery versua  t h e  

l a b o r i o u s ,  t i m e  consuming, unsynoptic (without t h e  co-ordinated use  of s e v e r a l  

ocean resea rch  v e s s e l s )  d i r c c t  sen  s u r f a c e ,  s i n g l e  s h i p  e f f o r t .  Unfor tuna te ly  

t h e  p r o b l ~ ~ n s  become coupled i n  a c t u a l  s a t e l l i t e  o b s e r v a t i o n s  s o  t h a t  i n i t i a l  

i n t e r p r e t a t i o n  and f u t u r e  dccoupling of t h e  d a t a  a r e  problems which must b e  

addressed d i r c c t l y  . 
. . Sea l e v e l  a l s o  v a r i e s  a long c o n t i n e n t a l  houndaric-s a s  w e l l  o s  t r a n s v e r s e  

t o  t h e  rna rg i~~o .  Alotrg tlrc e a s t e r n  A t l a n t i c  c o n s t  of thc  U.S., sca s u r f a c c  

h e i g h t  d rops  approximately one-half meter bctween t h e  l a t i t u d e s  20°N t o  40°N. 

It has  been demonstrated (Sturges ,  1974) t h a t  t h i s  m e r i d i o m l  s l o p e  a l o n g  t h e  

inshore  l a t e r a l  boundary of t h e  Gulf Stream has  t h e  c o r r e c t  s i g n  and m g n i t u d c  

t o  b e  balanced by t h e  cross-stream g r a d i e n t  of t h e  a longs t raam c u r r e n t .  T h i s  

is a n  extremely important f i n d i n g  concerning t h e  dynamics of t h e  Gulf Stream 

and furthermore may h e l p  t o  e x p l a i n  why s e a  l e v e l  on t h e  P a c i f i c  c o a s t  s t a n d s  

higher  than t h a t  on t h e  A t l a n t i c  coas t .  

Cor rec t ions  f o r  changes i n  t h e  g r a v i t a t i o n a l  p o t e n t i a l  can r e s u l t  i n  s e a  

r u r f a c e  he igh t  d i f f c r c n c e s  of s e v e r a l  meters  a c r o s s  t h e  Culf Stream a s  a f u n c t i o n  

of i t s  path.  Because of the afore-mentioned compl ica t ions ,  i n i t i a l  s u r f a c e  s l o p e  

c a l c u l a t i o n s  w i l l  have t o  be based on hydrographic ,  c u r r e n t  and wind d a t a  and 

a d j u s t e d  wi th  g e o ~ h y s i c a l  g r a v i t y  d a t a  inc lud ing  F r e e - a i r ,  Bougucr c o r r e c t i o n s  

and a v a r i e t y  of i s o t a t i c  and h y d r o s t a t i c  compcnsation ad jus tments .  

The change of t h e  s u r f a c e  he igh t  a c r o s s  t h c  Culf S t r e w  may b e  of t h e  o r d e r  

-6 
of one t o  s e v e r a l  metcrs r e s u l t i n g  i n  a cross-s t rcnm s l o p e  of a t  most 1 0  . T h i s  

g r a d i e n t  is t o o  smal l  t o  be r e a l i z e d  by conven t iona l  ocent~ographic  methods. 

Consequently, previous  t o  t h e  i n t r o d u c t i o n  of remote s e n s i n g ,  t h e  on ly  s e a  s u r f a c c  

work was donc wi th  t i d c  gauges and hydrography. The d a t a  from t i d c  gauges is  

d i r c c t  but of i t s e l f  y i c l d s  only longshore  s lope .  The hydrography d a t a ,  though 



d i f f i c u l t  t o  ob ta in  can be uscd, with appropr ia te  r e se rva t ion ,  t o  i n d i r e c t l y  

compute of sea cu r r cn t s  and s e a  sur face  s lope.  This  method was gcncraced by 

Helland-Hansen (1903) on the b a s i s  of t h e  Bjcrknes c i r c u l a t i o n  thcorcm (Bjerknes,  

1900) and m k e s  i t  possible  t o  i nd i ca t e  sur face  topography without d i r e * '  

measurement. The technique was, i n  i ts i n i t i a t i o n ,  accepted as t r u t h  ' .at i t  

must be pointed out  t h a t  t he  so-called dynamic rne~hod cannot be  used t o  compute 

- the  d a d  driven cur ren t  bccausc f r i c t i o n a l  fo rces  t ha t  a r e  not connidcred 111 t h e  

dynaniic ~ ~ i * t l l o d ,  do play a r o l e  i r r  t h e  set-up of t h e  pure d r i f t  cu r r cn t s .  So, 

though the  pure d r i f t  component of v e l o c i t y  maintains  t he  sea su r f ace  s lope ,  i t  

cannot be computed from hydrographic methods. 

In a b a r o c l i n i c  ocean, i . e . ,  an  ocean i n  which cons tan t  p ressure  su r f aces  

and sur faces  of constant  dens i ty  a r e  allowed t o  i n r s r s e c t ,  t h e  h o r i z o n t a l  

pressure gradient  and cu r r en t  ve loc i ty  hecome zero a t  some depth a t  and below 

which t h e  ba roc l in i c  and baro t rop ic  pressure  g rad i en t s  become equal  and oppos i t e  

i n  magnitude and d i r ec t i on .  This  l e v e l  of no motion m y  extend below t h e  bottom 

s o  t h a t  t h e  pressure grad ien ts  due t o  inhomogeneities i n  t h e  f i e l d  of mass a r e  

not i n  mutual compensatiorl with t he  f r e e  su r f ace  s l o p e  pressure  grad ien t .  From 

the  following equation 

I t  becomes c x p l i c i t l y  obvious t h a t  a t  some depth,  a t  which Y -  0, t h e  two 

terms on the  righthand s i d e  a r e  equal i n  magnitude and oppos i te  i n  d i r e c t i o n  s o  

t ha t  mutual compensstion occurs.  

The sec t ions  t o  follow expla in  more f u l l y  t h e  theory and a c t u a l  use of t h e  

dynamic method . 



2.2 BASIC CPOSTROPIIY A M )  THE DYlLVtIC ?lFTIIOD 

The opposit!on of t he  pressure gradient  force and the  apparent r o t a t i ~ m a l  

force,  the  Coziol is  force ,  is the general dynamic cons t r a in t  observed by s teady  

Slow. It is general ly  acknowledged t h a t  steady Flow i n  the  ocean has meaning 

only a s  an  average with respect  t o  timc, eepec ia l ly  ocean cu r ren t s  euch a s  

t h e  Culf Stream which observes an extensive rnnEe of frequencies (PugI.ister,  

1951, and Werthcim, 1954). Near oceanic boundaries, thc ~ e o u t r o y h i c  assumption 

breaks down s ince  sharp hor izonta l  and v e r t i c a l  ve loc i ty  g ~ a d ~ e n t s  can r e q u i r e  

l a t e r a l  and v e r t i c r i  f r i c t i o n  t o  play important dynamic ro l e s .  S t i l l  i t  is 

possible  t o  assume geostrophy, with informed reserva t ion  i n  a phenomenon such 

ar the  Culf Stream. 

Vector ia l  g rav i t a t i ona l  acce lera t ion  can be expressed i n  terms of a  s c a l e r  

p o t e n t i a l  function. The d i f fe rence  i n  t h e  p o t e n t i a l  funct ion between two 

p l a t s  ly ing  along the  v e r t i c a l  co-ordinate,  which is al igned p a r a l l e l  t 3  the  

d i r e c t i o n  of g rav i t a t i ona l  acce l e ra t ion ,  is equivalent  t o  t he  amount : k 

t h a t  i t  takes  t o  move a  u n i t  mass from one poin t  t o  t h e  o ther  point.  . -s 

r c a l e r  p o t e n t i a l  funct ion is r e l a t ed  t o  the  v e r t i c a l  s p a t i a l  v a r i a b l e  by 

, 10 t h a t  

, l e v e l s  of constant geopotcnt ial  correspond t o  l e v e l s  of unchanging z. 

In terms of t he  dens i ty  inverse,  i . e . ,  t he  c p c c i f i c  volume of Lea water ,  

t h e  po ten t i a l  function can then be wr i t t en  a s  

by combining 2.9 and 2.13. Thus the  geopotent ial  i s  d i r e c t l y  determined f y  tile 

pressure and s p e c i f i c  volumes funct ions,  which a r e  i n  mu l t ip l i cn t ivc  a s s o c i a t i o n ,  



i n  an environment where a l l  ver t l ca l  accelerations are ins igni f icant  r e l a t i v e  

to gravitation31 acceleration. 

In the abscnce of winds and topo[,raphic boui~dariea, the equations dcfining 

geostrophic ve loc i ty  are 

- ~ 4 0  b P  =-.--  and 
ax 

which can be written i n  terms of the potential  f u n c t i o n 4  by introducing tlie 

transformation 

80 that the geostrophic equations become 

and 

If equaticn 2.19 is now integrated then we obtain 



which can thcn be writ ten a& 

where d. is a reference density inverse of sea water and S 1. the specific 

volume anomaly. 

. Equn t ions 2.19 .lnJ 2 - 2 0  can now be rewritten as 

and 

where the dynamic height, AD, is defined by 

if we next consider the geostrophic relations at the ocean surface to be 

and 

then equations 2.23 and 2.24 can be reurittcn as 



and 

o r  i f  tlic ve loc i ty  on an i soba r i c  sur face ,  PR is known then t h e  vc loc i ty  a t  

any o ther  sur face  is given by 

The ac tua l . cons t ruc t  of a  sea su r f ace  p i c tu re  occurs a f t e r  t h e  depth of 

t he  nearly zero gradient  cur ren t  has been determined. Measurements i n  t h e  region 

of t h e  Gulf Stream vary considerably i n  depth of a c t u a l  observat ion but  t he re  

are s u f f i c i e n t  measurements madc a t  depths of two t o  t h ree  thousand meters t o  

insure  t h a t  we've s a t i s f i e d  the  c r i t e r i a  of t he  dynamic method. 

Defant (1941) examined the  departures  i n  i soba r i c  su r f ace  dynamic depth, 

from a constant  value, f o r  a considerable number of s t a t i o n  p a i r s  and determined 

t h a t  for  t hc  At l an t i c  Ocean, the  one thousand t o  s ix t een  hundred l aye r  be 

considcred the no-mot ion ref  erence layer .  Unfortunately , there  is not ye t  any 

method which appl ies  to  :ill oceans, s o  one must approach t h i s  problem on a casc  

by case bas i s  with a bc i ic f  i n  r e l a t i v e  values.  

Pornin (1964) examined the  accuracy of t he  dynamic method and showed t h a t ,  

owing t o  the accumulntion of random e r r o r s ,  computcd dynamic he ights  d i f f e r e d  

from ac tua l  i sobar ic  sur face  dynamic height  by ~ r r o r s  of the order  of twenty 

dynamic millimeters i n  water dcpths  of a thousand meters off  of the Knrnchatka 

coas t  . 



The accuracy of s e n  wa te r  temperature ,  s a l i n i t y  and d e n i s t y  c a l c u l a t i o n s  

should h e  eva lua ted ,  s i n c e  e r r o r s  i n  t h e s e  measurements g i v e  a n  i n i t i a l  b i a s i n g  

t o  t h c  r e s u l t s .  Thc e x t e n t  t o  which s u r f a c e  topography, a s  i n d i c a t e d  by dynamic 

ncthod::, d c p n r t s  from t r u e  top0 is a f u n c t i o n  n o t  on ly  of t h e  r e f e r e n c e  s u r f a c e  

and on the m g n i t u d c  of  h o r i z o n t a l  motion a; t h i s  dep th  b u t  a l s o ,  and v e r y  

d i r e c t l y ,  on t h e  precision of t h e  d e v i c e s  used i n  a c t u a l  d a t a  c o l l e c t i o n  and 

: . Xiis p r ~ c i : ; i o n  incluclcs t h e  numbc-: of v e r t i c a l  and h o r i z o n t a l  d a t a  

p o i n t s ,  i.e., l e v e l s  and s t a t i o n s  occupied,  as w e l l  as t h e  more obvious  concern  

of ins t rument  s c a l e  d i v i s i o n .  Moreover, t h e  r e f e r e n c e  s u r f a c e  cannot  b e  l o c a t e d  

a t  t o o  g r e a t  a depth  because  of t h e  immediate i n c r e a s e  i n  computat ional  e r r o r s  

which r e s u l t s .  It should  be noted though, t h a t  i n  c a s e s  where computa t iona l  

c r r o r s  a r c  l a r g e ,  i t  may b e  of some u s e  t o  u s e  a sha l lower  r e f e r e n c e  s u r f a c e  

i n  a t r ade-of f ' o f  t h e  l o s s  of a b s o l u t e  v a l u e s  v e r s u s  more exact computat ion.  

m r ; . r c i z ; ~ c e  ~ ~ ; ~ l : ~  z c a s u r c j  li;2ct?y 2s =c:;c ui th  = t \ v n r r + ? n  thn+- 
C * " L ' O  -..-- 

mometers whi le  s a l i n i t y  is impl ied  from c h l o r i n e  measurements and a chemical  

t a b l e  (Zubov, 1957). The read ing  accuracy of deep-water r e v e r s i n g  thermometers 

is p l u s  o r  minus two-hundredth's of a degree  c e l s i u s  w h i l e  t h e  accuracy  of t h e  

chemical mcthod used t o  determine s a l t  c o n t e n t  is  abou t  p l u s  o r  minus f o u r t e e n  

thousands of a p a r t  pe r  m i l l e .  

It must a l s o  be  ohscrved t h a t  t h e  f rydro log ica l  p r o f i l e s  a c r o s s  t h e  Gulf 

Stream o c c a s i o n a l l y  extend from a b y s s a l  p l a i n  ocean d e p t h s  t o  c o n t i n e n t a l  s h e l f  

dep ths ,  where t h e  depth  is  l e s s  than  t h e  r e f e r e n c e  s u r f a c e  depth .  I n  s u c h  a 

c a s e  dynamic a n a l y s e s  have been pcrformcd (Helland-Hansen, 1934, Mohn, 1885) by 

r e p l a c i n g  t h c  e a r t h ' s  c r u s t  of t h e  c o n t i n e n t a l  s h e l f  and s l o p e  by a f i c t i t i o u s  

water  mass and by then ex tend ing  t h e  ocean d e n s i t y  f i e l d  i n t o  t h e  f i c t i t i o u s  

water  mass with  a r t i s t i c  l i c e n s e .  



2.3 Ca lcu la t ions  Usiny, t h e  Dynamic Ncthod 

I n  o rder  t o  make a computation of dynamic h c i g h t  and o r  of g e o s t r o p h i c  

flow, one must f i r s t  c a l c u l a t e  t h e  anoanly  of s p e c i f i c  volume, 8 , which is 

r e l a t e d  t o  t h e  d e n s i t y  of s e a  water .  The d e n s i t y  of s e a  w a t e r  is determined 

by its temperature  (T), s a l i n i t y  (S) and, t o  a much l e s s e r  degree ,  i ts 

pressure  (P), s o  t h a t  p = f (S,T,P). 
9 .  

Cha~giny,  thc temperature of a p a r c e l  of sc;i water  rc:;u?ts i n  i~ change i n  

t h e  d e n s i t y  oL s e a  water by on amount A fr . S i m i l a r l y  Afs is  t h e  d e n s i t y  chongc 

due t o  a change i n  t h e  s a l i n i t y  w i t h i n  t h e  p a r c e l  of sea wate r .  By changing 

bo th  t h e  temperature and t h e  s a l i n i t y  w i t h i n  t h e  p a r c e l  of w a t e r  r e s u l t s  i n  a 

new volumetr ic  d e n s i t y  of 

where t h e  s u b s c r i p t  ze ro  denotes  t h e  o r i g i n a l  v a l u e s  of S and T. Note t h a t  t h e  

o e p a r a t e  e f f e c t s  of s a l i n i t y  and temperature  a r e  no t  simply s u p e r p o s i t i o n a l  i n  

na tu re .  There is a l s o  a n  i n t e r a c t i o n  term AfST which must be  cons idered .  If 

ve now in t roduce  t h e  parameter p r e s s u r e ,  then  

This  r e l a t i o n  can be reduced by cons ider ing  t h e  d e f i n i t i o n  of a q u a n t i t y  c a l l e d  

rigma -T ( Q ) ,  s o  t h a t  T 

Using a n  a l t e r n a t e  n o t a t i o n ,  t h e  s p e c i f i c  volume (a) can  be v r i t t c n  as 



I 
MSTPP- = ~S.T.V.  + SFI 4 s S p + s r p +  S h p + S p  3 (2.36) PSTP 

and using standard nota t ion ,  a ca l cu la t ion  of 0 may be done using the reduct-d, 

or  eimplif i ed ,  equ.it ion 

vhere AsT is ca l l ed  the  "thermosteric anomaly." The l a s t  t h r e e  terms conta in  

. the depnrt.ure of a from the  valuc a 
35,0,P and a r e  known a s  t he  anomaly of 

spec i f i c  volume 

= Ssp + S T p  + AST . (2.36) 

Now va r i a t ions  i n  6 ind ica te  the so-called " r e l a t i v e  f i e l d  of mass" w i th in  the  

ocean and a r e  used t o  c a l c u l a t e  geostrophic flow. 

To r e i t e r a t e ,  the ca l cu la t ion  of d(z) a t  two s t a t i o n s  must be done before 

the geostrophic flow can be computed. From the  beginning though, i t  should bc 

c=ip>zsic:? t hz t  c!=rivec! Eca s * ~ r f ~ ~ e  h d ~ h t s  and s l o p e s ,  v e l o c i t i e s  and t r a n s p o r t s  

a r e  only a rb i t r a ry .  The choice of a level-of-no-motion above which the  mass 

f i e l d  and the sea sur face  a r e  i n  per fec t  adjustment,  is  open t o  conjec ture  and 

bc-~mes  r a t h e r  an  a r t  based on our present  s t a t e  .of knowledge. 

Af te r  t h e  values of 6(2) have been computed using hydrographic t a b l e s ,  then 

the  procedure f o r  ca l cu la t ing  the dynamic height  anomalies is a s  follows: 

( Sz''6z'' between two depths ,  say t h e  F i r s t  ca l cu la t e  an average S , g = --- 
2 .  

s u r L ' ~ : e ,  z - 0, and another depth, soy z h meters ,  a t  two d i f f e r e n t  s t a t i o n s .  

<,re can then co lcu la t e  the dynamic height  anomalies' (AD) f o r  both s t a t i o n s ,  whcre 

i n  each case A D  - Sdz. Then the  c u m u l ~ t i v e  dynamic he ight  anomaly can be 

assessed by summing the  A D  values a t  each s t a t i o n  as Z A D .  Geostrophic v e l o c i t i e s  

and sen sur face  s lopes between s t a t i o n s  a  and b  can be computed. Geostrophic 

v e l o c i t i e s  a r e  obtained by the  r e l a t i onsh ip  



vhece V denotes  v e l o c i t i e s  and L t h e  d i s t a n c e  between s t a t i o n s  a and b. 

I f  one wants t o  i n t e r p r e t  r c l n t i v e  f l o v  from i s o p y c n n l s ,  t h e n  one could 

consider  t h e  formula 

A\/ - =  - -  a ( f a n  d - +an 8 ) , where V = g t a n  B (2.38) 
A z Sf d Z  

Eqtration (2.38) def i n c s  a r e l a t i o n s h i p  between ~ c o s t r o p h i c  v c l o c i t y  :ind t h e  

s l o p e  of an i s o b a r  (a l i n e  of c o n s t a n t  d e n s i t y ) .  I n  t h c  n o r t h e r n  hc.mispircrc, 

i f  t h e  isobars s l o p e  up t o  t h e  E a s t ,  t h e n  t h e  v e l o c i t y  of t h e  w a t e r  a long  t h e  

i s o b a r i c  s u r f a c e  is t o  t h e  North. The s t e e p e r  t h e  s l o p e ,  t h e  h i g h e r  is t h e  

v e l o c i t y .  I n  t h e  c a s e  where * = 0 ( b a r o t r o p i c  f low) t h e n  f x and e q u a t i o n  
A Z  

(2.38) may be w r i t t e n  i n  i t s  approximate form 

A V  = - - -  
n z  

9 ton 
Q+ a z  
J 

Equation (2.39) d e f i n e s  a r e l a t i o n s h i p  between t h e  s l o p e  of t h e  i s o p y c n a l s  

a f  and t h e  v e l o c i t y  shear .  For a s t a b l y  s t r a t i f i e d  w a t c r  column, - 7 0  , i n  t h e  
a t  

nor thern  hemisphere, t h e  i sopycna l s  s l o p e  down t o  t h e  E a s t  when t h e  n o r t h e r n  

component of v e l o c i t y  decreases  w i t h  depth.  Equiva len t ly ,  we could  s a y  t h a t  

t h e  v e l o c i t y  becomes more s o u t h e r l y  i n  c h a r a c t e r  w i t h  i n c r e a s e d  depth .  A 

p i c t o r n l  r e p r e s e n t a t i o n  of t h i s ,  which r e p r e s e n t s  t h e  Gulf Stream, is shown i n  

F igure  2.1. 

The computer program givcn i n  Appendix 1 w i l l  now b e  exp la ined .  A s  

mentioned above, i t  i s  t h e  convention t o  computc dynamic dpe th  i n  terms of a 

s tandard  chunk of seawater ,  I n  which T - O°C, S 3S0/,,, p l u s  a n  a n o m l y .  

Thus we have t h e  Qp,0.C,35.,eo term p l u s  t h e  s term. So each p a r c e l  of s c a  

wa te r  a t  each depth  is  composcd of two volumes, i.e., each u n i t  volume 80 a t  



z - 0 meters 

and a t  

z = 100 meters 

Since the  & P,0,35 is a s tandard and s i n c e  w e  are only i n t e r e s t e d  i n  d i f f e r ences  

from s t a t i o n s  then t h i s  program follows the  convention of summing only t h e  

anomalies. 

If we r ewr i t e  t he  anomaly as composed of terms ST.SS. %T.$Ps8SP and sSTp 
then 

s = ST+ Ss + S S T +  S T P  + Ssp + s ~ l p  (2 .40 )  

Now i n  standard oceanographic t ab l e s ,  t he  f i r s t  t h r e e  terms are.combined and the  

last is  assumed small ,  i .e . ,  

The program works d i r e c t l y  with the  equation of s t a t e  and use the  r e l a t i o n s h i p  

The anormly i n  dynamic dcpth is then the  in t cg ro t ion  (2.25) o D - 1' Sdp , On 

paper t h e  ca l cu la t ion  goes something l i k e  t h i a :  



r 
z P T  'ST %,P t 6  6 AD 

where in the program, the followir~g is used: 

DIMENSION 

D depth on specific data 

T temperature of data 

S salinity of  data 



l vnlucs  uscd by computer i n  c a l c u l a t i n g  s p e c f f i c  volume f o r  
dynamic ca lcu la t ions .  

values  i n t e rpo la t ed  t o  s tandard i n t e r v a l s ,  i.e., 1 0-10-20, e t c .  

K1 a counting pnrarncter 

P pressure  

DY N dynamic meters, D = I dpO,. , d P 

ALPH s p e c i f i c  volume, dTBr, p 

NSTA s t a t i o n  number 

E Z A  l a t i t u d e  

FM) longi tude 

ALP d ~ 0 ~ , 3 ~ 0 / o e  ,P 

ANOM anomaly s u m a  t ion ,  A D 

DYA dynamic meters ,  D - J dp,o ,  3, dP 

DEAN s p e c i f i c  volume anomaly 

SIGT sigma -t 

FORMAT 

100 da t a  c a ~ d s  

101 master card f o r  each s t a t i o n  

102 p r i n t e r  heading 

1021 t l  I# 

103 pr in tou t  format fo r  depth and v e l o c i t y  

1C)S p r i n t e r  hcading 



-- , ,, ,,,- . - I  .--. ...., "A, -...... ,.. .7 . . I  A . .. . , . , . I , , 

106 p r i n t e r  heading 

108 pr in t -ou t  format f o r  depth ,  tcmpcraturc  , s n l i n i t y ,  sigma -t , dynamic 
mete r s ,  anomaly, anomaly sum 

DIN-10 a n  i n t e r p o l a t i o n  i n t e r v a l  i n  meters--could be  changed t o  a morc 
. . convcnicnt spac ing  

1. 11 = 11 + 1 determines t h a t  we s t a r t  w i t h  f i r s t  s ta t ion--do t h e  i n t e r p o l a t i o n s ,  
then look a t  second s t a t i o n  

The i n t e g r a t i o n  of t h e  s p c c i f i c  volume anomaly g iven  l a t e r  i n  t h e  program 

u s e s  a l l  t h e  observed d a t a ,  bu t  a v a l u e  f o r  S and T must be s p e c i f i e d  a t  t h e  

e v t f a r ~  ~ n d  at s tandard  d e ~ t h  i n t e r v a l s .  

This p a r t  of t h e  program a s s i g n s  t h e  s h a l l o w e s t  o b s e r v a t i o n  t o  be  t h e  

r u r f a c e  value .  Usual ly  t h i s  w i l l m e 3 n  t h a t  t h e  f i r s t  o b s e r v a t i o n  a t  s a y  0.5 t o  

2.0 meters  depth w i l l  be moved t o  t h e  s u r f a c e .  Observat ions  between t h c  "surface" 

and t h e  f i r s t  s t andard  dcpth  a r e  then ass igned  new indcx numbers. An i n t e r p o l a t e d  

T,S v a l u e  is  then  found a t  t h e  f i r s t  s t andard  dep th  and s o  on down t h e  wa tc r  

column u n t i l  obse rva t ions  run out .  

2. Read 100,D(I) , T ( I )  , S ( I )  1 

I Rcads a l l  the d a t a  cards--a b lank  d a t a  c a r d  a t  
t h e  cnd g ives  S - 0 ,  so  t h c  computer s e n s e s  
t h a t  t h e  l a s t  ca rd  has  been read. 

4 ,  H A X I - 1 - 1  This is t h e  number of d a t a  c a r d s .  

TT(1) = T I ( 1 )  - T(1)  I Thie  tel ls  t h c  m c h i n c  t h a t  t h e  o u r f a c e  ( z  - 0 )  
v a l u e s  a r e  c q u i v a l c n t  t o  t h e  f i r s t  observations. 



K - 1  counter-indcx parameter 

L1 2 counter-index parameter 

DMAS - D(MAXl) maximum obeervcd depth 

NINT - DMAX/DIN + 1 number of i n t e r p o l a t i o n '  i n t e n t a l s  

XNINT NINT r e a l  number 

-, IF ( * * * )  11*12,11 

11. LAST = NINT + 1 

GO TO 13 I checks f o r  round-off e r r o r s  

12. LAST - NINT J 

TI (LAST) = T (MAXl) I Assigns t o  l a s t  i n t e rpo la t ed  depth t h e  T,S 
values  at t h e  deepest  observed depth 

SI (LAST) - S (EWU) J 

t h e  Do Loops. 

Example : 

Suppose w e  have t he  following STD t race :  

S(1) = 34.1 D ( 1 )  = 1 

S(2) - 34.2 D ( 2 j  - 2 

S(3) = 34.2 D(3) - 3 

S(4) - 36.4 D(4) - 4 

S(5) = 34.5 D(5) - 7 

S(6) - 34.6 D ( 6 )  - 8 

S(7) - 34.8 D(7) 9  

S(8) = 35.0 D(8)  - 11 
S(9) - 35.0 D(9) m 14 

S(10) - 35.0 D(10) - 15 

S(11) 0 (blank card)  



MAXl = 11 - 1 - 10 data cnrda 

DI(1) - 0.0 

sI(1)  S(1) 34.1 

DMAX = D(10) = 15 meters 

N l N T  - 15/10 + 1 - 2 (integer) 

X N l m  - 2.0 (real) 

D?'AK/D~N + 1.0 - XNINT = 0 . 5  (posi t ive)  

LAST - NlNT + 1 = 3 

DI(3) - D(MAX1) = 15 

SI (3) = S(WU1) - 35.0 

DO I - 2.2 

X U  = 2-1 - 1 

DINT = XlM-D1N = 1.10 = 10 meters 

MAXl = Ll  = 10-2 = posit ive (to 61) 

61. DO 6 J 2,10 

(D(2) - DlhT) - 2-10 = NEGATIVE ( t o  7) 

7. K - K + 1 - 2  

DD(2) - D(2) 

SS(2) - S(2) ( to  6) 

6. 5 - 3  

continue 

6. J - 8  

D(8) - DINT - 11 - 10 = posi t ive  ( t o  9) 

9. K - 7 + l m 8  

DD(8) - D l N T  10 mctcre 

SS(8) - ((35.0 - 34.8) (10-9))/(ll-9)) + 34.8 - ((0.2) (1 ) /2 ) )  r 34.8 - 34.9 



IF (HAX1 - L1) (is 10 - 8, positive) 

DYNMIIC CALCUL\TIONS 

P(1) - 0.0 set sea l e v e l  pressure - 0 

DEAN(1) = 0.0 . let anomaly at surface = 0 

-l .-.-.-. rumr l )  = n.n nnnmaly sum (or vertical integration) 

ALP(1) = ALPlU (0 .0 ,0 .0,35.0)  I s  specific volume at the surface 

ALPH(1) - ALPIIA(P(1) ,TT(l) ,SS(l)) is total spccif ic volume at the surface 
computed from function ALPIIA 

3 SIGT(1) - (l,/ALPlI(l) - 1.)*10 is at the surface 

DYN(I1,I) = 0.0 dynamic met cr s 

Do 15 1 - 2, LAST 
Do Loops 15 and 16 do a stcpwise integration of the equation of state to obtain 

the anomaly of dynamic dcpth. 

The ~pcciiic volumc is 

and dynamic depth 

ao the anon~ly of dynamic drprb .D - J G ~ P  - ~ y , T , S d P  -J a p,0eC,35*,e.d~ 



I 2.4 ADVAXCED CEOST~!lIBIIY AND CU1,F STREAM THEORY 

It is convenient hcre t o  introduce t h e  concepts of b a r o c l i n i c  and baro t ropic  

velocities s ince  the former ind ica tes  r e l a t i v e  geostrophic c a r r e n t s  and t h c  

f i e l d  of ULISS whilc t h e  l a t t e r  jrl r e l a t ed  t o  dccp watcr v e l o c i t i ~ r ,  n.;J sea 

surface slopc. To d i f f c rcn t i i i t c  f u l l y  bccwec-n the Lvo tcrmonologicrrl conccpta 

a8 they apply t o  a wcstcrn boundary cu r r en t  such n s  the  Culf Stream, i t  is of 

beae f i i  t o  develop some theory explaining the use and meaning of t h e  concepts. 

To more f u l l y  apprec ia te  the nature of the Culf Strc n It would a l s o  be of 

worth t o  consider not j u s t  :he dynamics of r o t a t i o n  balancing hor izonta l  p ressure  

gradien ts  but a l s o  the  e f f e c t s  of winds and bottom topogre-hy (see  s e c t i o n  on 

Gulf Stream models) s ince  presumably (see the sec t ion  on Resul ts)  winds and 

topography do modify thc  i n t e n s i t y ,  shape and pos i t i on  of t he  Culf :,learn. 

I f  we consider the  steady s:.wtem of equat ions 

and 

vhcre 'tXL and t y z a r c  ~ e y n o l d ' s  s t r e s s  tcrms and vc'vc a  right-handed c a r t e r i n n  

co-ordinate system with x cos t  and y north.  



Ncxt wc def inc  mass t r a n s p o r t  as: 

and 

V = 5 q P ~ d ~  vherc b  
Zb 

i nd i c s t c s  t l ~ c  bottom tlcpth. T11cn cxva1uati:ii; t h c  strc:;:. 6ifferc.nci: 1 i-om t c j p .  , 7 
t o  bottom, zb, we intcgl-ate thc c e n t r a l  reg ion  e q u a t i o n s  over d c p t i ~ ,  so ue 

and 

vhere a  port:-n of t he  vc loc i ty  components, i nd iv idua l ly ,  balances the  p re s su re  

gradient  (geostrophic pa r t )  and a  por t ion  of t h e  v e l o c i t y  balances t h e  s t r e s s  

(Ekaun pa r t ) .  

Next we can break the  g e o s t ~ o p h i c  flow i n t o  both ba ro t rop i c  and b a r o c l i n i c  

parts but we must f i r s t  reformulate t hc  pressure  grad ien t .  Considcr t h e  

cont inu i ty  condi t ion t o  b e  

Then i n t e g r a t e  equation (2.51) i n  z t o  ge t  



Nw i f  wc aseume tha t  thc  voluluc of water p;lssing tllrough u n i t  width i n  a 

v e r t i c a l  c ross  sec t ion  i n  un i t  time is cotlstant wi th  thc  some condit ion holding 

for  t h e  o ther  tuo d i r ec t ions ,  i . e . ,  t h a t  

and . . 

then we get :  

80 t h e r e  is  no mass f l u x  through the  bottom o r  t h e  su r f ace  and con t inu i ty  is  

s a t i s f i e d  by the hor izonta l  mass f lux .  

Now, f o r  a re-formation of the  pressure g rad ien t ,  we must i n v e s t i g a t e  

the term 

which is  equal t o  

Aa i s  evident ,  par t  of the  pressure,  P ,  is independent of t he  dens i ty  d i s t r i b u t i o n  

and pa r t  i s  not so we must get  a  rcfercncc pressure and g c t  an anornily from 

t h a t  re fcrencc  whcrc t h i s  anomaly docs vary with pos i t ion .  Dcfinc 

P 
. . z 

which i s  the hydrostat ic  condit ion,  and 



which is  t h e  p o t e n t i a l  cncrgy of a column of  wa te r  o f  u n i t  h o r i z o n t a l  area. 

It t h u s  becorncs obvious t h a t  wc g c t  p o t e n t i a l  energy o t ~ o m a l i e s  where w e  have 

p r e s s u r e  nnomalies. Combining (2.58) and (2.59) t h e n  y i e l d s  

! Pb I P b  E p  = - J P & . ~ P  + T  Jp P S ~ P ,  
3 Potm otm 

where d, i s  a f u n c t i o n  of p r e s s u r e  (P) b u t  n o t  a f u n c t i o n  of t empera tu re  (T) 

or a a l i n i t y  (S). Notc t h a t  a. is t aken  a t  T - O'C, S = 35'1.. or 0( 35,0,p 

and 6 is  t h e  s p e c i f i c  volume anomaly. With t h e s e  we can  go back and r e w r i t e  

equa t ion  2.57 a s  

'where t h i s  is  where t h e  i n t e g r a l  
a f u n c t i o n  of can b e  c a l l e d  t h e  
bottom p r e s s u r e  p o t e n t i a l  energy 
on ly  a n o w l y ,  +. 

where Patm = 0, so we o b t a i n  

i * e * ,  a 0  ' a35,o,P 

i e  a f u n c t i o n  
of bottom 
p r e s s u r c  

Now, * is t h e  only  tcrm deprndent on t h c  T , S  d i s t r i b u t i o n  d i r e c t l y  a l though  a u 
Pb (bottom p r e s s u r e )  docs depend on wa te r  d e n s i t y  above t h e  bottom a s  w e l l .  

We can now combine tcrms t o  g c t  

r e p r c n c n t s  ttlc r c p r c s c n t s  t h c  
b o r o c l i n i c  p a r t  b n r o t r o p i c  p a r t  



a 2. where both  p a r t s  of t h c  b a r o t r o p i c  term a r c  r e l a t e d  t o  t h e  bottom  lope. - 
ax 

d P b  
18 t h e  bottom s l o p e  d i r e c t l y  and - is e q u i v a l c o t  t o  s l o p e  s i n c e  i t  is t h e  a * 
change of h e i g h t  of t h e  water  column above t h e  botto.3. The terms arc ez;sen:ir~lly 

,f o p p o s i t e  s i g n  s i n c e  Pb i n c r e a s e s  down and z i n c r e a s e s  up. Thcsc arr b c t h  b i g  

terms b u t  t h e  d i f f e r e n c e  between them may bc smal l .  I f  v e  now asPlune thar. 

z a r b .  e .  a r e f e r ~ n c r  l e v e l  nea r  t h e  bottom, t h e n  w e ' l l  b e  able t o  q e t  r i d  

of a large p a r t  of t h c  P term. R e c a l l  t h a t ,  b 

where t h e  f i r s t  term is w r i t t e n  as a r e f e r e n c e  p r e s s u r e  term n e a r  t h e  bottom. 

Thus, 

vircre ilrc upper  I i u l l i  uz ;u'Le&~iit:oii Z : i i d ~ p ~ i i d L i i t  sif X,  SG a t  Z - - "b 

If we now m u l t i p l y  through by &'(P.)and s u b s t i t u t e  t h e  r e s u l t  i n t o  
9 

we o b t a i n  

where i f  w e  have a bottom where T and S are e s s e n t i a l l y  uniform and u s c  t h i s  

ae a r e f e r e n c e ,  i . e . ,  t a k e  @ , a t  t h e  S , T  of t h c  bottom of t h e  ocean ,  t h e n  t h e  

1 last term on t h e  r i g h t  c a n c e l s  o u t  s i n c e  P = - . U n f o r t u n a t e l y ,  t h i s  
re 

decoupl ing b rcaks  down where t h c r c  a r e  s i g n i f i c a n t  i n t r u s i o n s  of  deep w a t e r  

nea r  zhe s u r f a c e .  Finrrl ly wc o b t a i n  



baroclinic barotropic 
Par t Part 

a PZ vhere - is depth lndcpendent. If integratcd,'this indicates a uniform 
a'( 

velocity from top to bottom with a r~n~nitude cclu.71 to that at the bottrm as shown . 
in Figure 2.3. We c;n ncw write thc. intcgratcd 1-quations as: 

the Ekman transport relations, 

and 

and 

the Baroclinic Geostrophic relations, 

and the barotropic geostrophic transpcrt as 

vhere the subscripts B,g and E denote boroclinic, barotropic, and Ekman 

transport, respectively. 



Summed up, we have a ve loc i ty  s a t i s f y i n g  t h e  t o t a l  r e l a t i o n  

The 2-D cont inui ty  equation is not sa tSsf icd  by any of thcse  v e l o c i t i e e  

separa te ly  except i n  spec i a l  cases.  Rather, i n  genera l ,  the con t inu i ty  

- cnritli t i on  i s  

In the  case of Barocl inic  Ceostrophic Transport (BCLT), t h e r e  i s  a divergence 

because of the Cor io l i s  parameter's dcpendence on l a t i t u d e .  In  t h e  case  of 

Barotropic Geostrophic Transport (BTT), t he re  can be a divergence due t o  changes 

In depth. So we can ge t  a number of v a r i a t i o n s  depending on how we d r i v c  t h i s  

d.th v t n d  strcsq. W e  can dr ive  it such t h a t  t hc  wind driven p a r t  s a t i s f i e s  

cont inui ty  alonc or  such t h a t  we nccd the  geostrophic p a r t ,  i . e . ,  i f  V,, uE = O  

nothing happens but  i f  V H U L k o  then weget t he  balance from othcr  components 

(gzostrophic) . 
The break up of motion i n t o  such p a r t s  is  not  q u i t e  complete b u t  i t  includes 

vhat  we use i n  ocean c i r cu l a t ion  s tud ie s .  

There o r e  rxccptionnl cases  whcrc n bottom Ekmnn is importcat.  This . 

occurs where a bottom s t r e s s  causes a s i g n i f i c a n t  t ranspor t  i n  the bottom l aye r  

and occurs i n  cases wherc b r o t r o p i c  flow is dominant ovcr Barocl inic .  

We con have the motion composed purely of one cornponcnt when the  divcrgenct  

of t h a t  component is zero. Others:?sc, we need enough of the  o ther  components 

t o  s a t i s f y  thc  cont inui ty  balance f o r  t he  t o t a l  motion. 

Please note t h a t  i n  thc  open occan, the only way t o  g e t  an E h n  t r anspor t  

a 
is t o  hove n non-zero c u r l  of the  wind  s t r c s s .  

a Note that f w i l l  bc o!;!;umed a funct ion of l a t i t u d e  a s  f f 
whcrc f l o c a l  

+ fly. 
loc n 1 and B nr  cb constants  ( p - 10-13). 



Thus, by c ross-d l f fc ren t in t ing  the  componcnt equat ions,  we can form 

v o t t i c i t y  r e l a t i o n s  which contain ecrms t h a t  are t he  ho r i zon ta l  divcrgcncc of 

the  pa r t i cu l a r  componcnt of motion. So, f o r  t hc  Ekman Transport ,  we have 

where (a) is tlic r a t e  of  cl1i311gc of v o ~ : t l c i t y  due lo strctchint : ,  

(b) is t h e  advect ive change of v o r t i c i t y ,  and 

(c) is the  production of v o r t i c i t y  due t o  torque (or c u r l )  

of t h e  wind s t r e s s  appl ied t o  t he  sea sur face .  

This equation can a l so  be w r i t t e n  as: 

- ; -.A- ., ' 

1 Lhorizbnt .1  divergence - c u r l  of wind s t r e s s  
f 1, 

so  we can have the  Ekman ve loc i ty  i n  pure form only when the  c u r l  of 

wind s t r e s s  
( f ) = 0.  

By c ros s -d i f f e ren t i a t i ng  the  BCLT w e  ob ta in  

which says t h a t  the hor izonta l  divergence is cqual t o  zcro only when the re  is: 

(1) no meridional ve loc i ty  componcnt, and 

(2) no dcpcndcnce of the r o t a t i o n a l  parameter an l a t i t u d e .  

The c u r l  of t h e  BTT y i e lds  



wherc (a )  and (b) must be  considcrcd non-zero terms s i n c e  we m y  not have a 

zero cll:lngc i n  depth and s i n c c  bottom pressure  con change significantly wi th  

"' i s  proport ional  t o  -Ub and i n  (b) , - posi t ion.  I n  ( a ) ,  yj- is propor t iona l  
ax 

t o  Vh sc t hc  right-hand s i d e  ( (a)  + (b)) r ep re sen t s  a n  advec t ive  change. 

'I'!li., Uarotropic Gcostrophic balance can a l s o  be  w r i t t e n  a s :  

where (a) i s  s t r e t c h i n g  due t o  advect ion,  

(b) is  s t r e t c h i n g  due t o  l o c a l  change of e a r t h ' s  r o t a t i o n ,  and 

(c) i s  s t r e t c h i n g  due t o  change of t o t a l  depth,  

so  the hor i zon ta l  divcrgcnce i s  zcro when e i t h e r  t h e r e  is no meridional  component 

and no change of f  with l a t i t u d e  and no change i n  depth. 

Elusin t ranspor t  takes  place wi th in  a c e r t a i n  d i s t a n c e  from t h e  boundary which 

is  e s s e n t i a l l y  the  Ekman dcpth. This  dcpth is dependent on t h e  eddy v i s c o s i t y  

and the  c o r i o l i s  parameter. 

Tile boundary gencratcs  shear  waves which propagate i n t o  t h e  f l u i d .  This  i s  

the  same kind of boundary a s  w1t.h an o s c i l l a t i n g  plate--but chc boundary i s  

r o t a t i n g  versus  o s c i l l a t i n g ,  So the  v e l o c i t y  decays v i t h  depth. The problem 

1s m d e  timc indcpcndcnt by e l imina t ing  the timc depen,icnce on t h e  r o t a t i n g  

plane wherc t he  timc depcndcnce r e a l l y  is. Note t h a t  wc con o b t a i n  t h e  

mcridional component of ve loc i ty  d i r e c t l y  from t h e  wind s t r e s s  c u r l .  This  is 

t h e  v e r t i c a l  v o r t i c i t y  balance with no s t r e t ch ing .  

I f  t h c r c  is zcro wind s t r e s s  c u r l  then we have only onc v e l o c i t y  componcnt 

which i s  i n  t h e  x-direction and w i l l  bc a func t ion  of y only.  Since i f  t h e  

wind strc!nv c u r l  is zero then VE - 0, which ind i cn t c s  t h a t  U - U(y) only s o  



G=o. Thus we ge t  a zonal flow varying wi th  l a t i t u d e  f o r  zero wind s t r e s s  
3% 

c u r l  i n  t hc  pure Ekman ciltic. 

For the  above we h ~ v c  no boundary c f f c c t e .  When we hnvc boundarics,  thcn 

t h i s  type of motion (flow) doesn ' t  s a t i s f y  thc  boundary"conditions s o  wc may 

need another type of flow which is a l s o  divergcnccless  i n  t h c  i n t e r i o r  regions 

. t o  s a t i s f y  thc boundary condit ions.  Such a f lo l i  i s  collctl  c o a s t a l  upwelling. 
* 

Wc can have purc  b:lroclinic only i n  cascs  of purc zon;ll flow, i. c . ,  flow 

only along contours of constant  c o r i o l i s  parameter f .  If Vg - 0 then  U C 
g 

U a ( x ) ,  but  U - U 
g g ( y ) o n l y .  

But when we introduce boundat ies ,  then t h i s  is no 

longer possible .  Pure ba roc l in i c  flow is v a l i d  i n  t h e  atrnosphcre, t h e  i n t e r i o r  

of the  ocean and i n  zonal cana ls  (such as t he  An ta rc t i c  Ocean). 

Then, f o r  pure geostrophic baro t ropic  t r anspor t ,  

and thc  flow must be  along l i n e s  (contours) of (f /h) , otherwise t h e  flow is  a n  

a r b i t r a r y  funct ion of ( f / h ) ,  so  i f  the  bottom is  l e v e l  thcn the  flow is zonal  

(along constant  f )  and i f  f doesn't  change much, then t h e  flow follows t h e  

bottom contours. Since ( f / h )  is  constant  along a  s t reaml ine ,  f o r  t h i s  case ,  

then the  flow Goes towards t h e  equator i n  c ross ing  a r idge  and towards the  North 

or  South Poles i n  c ross ing  a trough i n  the  ocean. 

We can a l so  have combinations of ET, BCLT and BTT such a s :  S t ress -dr iven  

Baroclinc Trortspor t . 
This  is thc  type of problem t h a t  is considcrcd f o r  most ocean c i r c u l a t i o n  

e tudics .  We hnvc both tllc ET and thc  DCLT systcms of equat ions which a r e  

combined t o  y i c ld  the Sverdrup Equation: 



So, f o r  t h e  Sverdrup Equation,  we r e q u i r e  t h e  c o n d i t i o n  t h a t  

which i s  t h e  c o n t i n u i t y  equa t ion  f o r  t h c  t o t a l  flow. 

which is  known as t h e  Svcrdrup EquatLnn. 

There is a l s o  t h e  p o s s i b i l i t y  of an  ET and BTT t y p e  of f l o w  r c p r e s c n t e d  

by the fo l lowing  b a l a n c e  

t h e  changc i n  v o r t i c i t v  from t h e  
b a r o t r o p i c  p o s i t i o n  due t o  stream- 
l i n e s  c r o s s i n n  con tours  of ( f l h ) .  

There  is a l i m i t  on  doing t h i s  k ind of f low l c c a u s e  i n  most oceans  bottom 

f r i c t i o n  m y  b e  smal l -s ince  most of t h e  c u r r e n t  i s  normal ly  picked up i n  t h c  

b a r o c l i n i c  por t ion .  But, neglecting b a r o c l i n i c  f low d o c s  r c q u i r e  t h e  i n c l u s i o n  

of a bottom s t r e s s .  

In  app ly ing  t h c s c  concep t s  t o  a c t u a l  Culf Strcnm models, i t  is proper  t o  

cons idc r  f i r s t ,  Svcrdrup 's  Thcory of Wind Ccneratcd Transpor t .  The e q u a t i o n s  

of motion governing t h e  system a r e  

and 

which a r e  i n t c g r a t c d  from dep th  z - -h t o  t h e  s u r f a c e ,  where z -p 0 .  I t  

i s  next nssumcd t h a t  t h c  s t r c o e  a t  z - -h is z e r o ,  i n  accordance w i t h  t h e  
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assumption of ze ro  c u r r e n t  l r l o w  some dvpth ,  z . So, notno 

and 

- 
whcrc. t t l c !  subscr  !.pt 2 i ~ n p l . ; ~ : :  t llc ~ca:;urf.;cc? vn3\1r: of  the w i r ~ : l  :;tress. I hc8n 

t ak ing  t h e  c u r l  01 thc e q t ~ . ~  tivnu of mot.ion and a d J l u g  t h e  r c s u l c a n t  r c l  ; i~ ion . :  

w i t h  t h e  c o n t i n u i t y  c o n d i t i o n ,  t h e  fo l lowing  r e s u l t s  

' which s a y s  t h a t  t h c  North-South t r a n s p o r t  is complete ly  determirlcd by t h c  c u r l  

of t h e  wind s t r e s s .  I f  t h i s  r e l a t i o n s h i p  i s  now s u b s t i t u t e d  i n t o  the c o n t i n u i t y  

equa t ion  anti an itlrcgrclciull w i i i ~  r c s p c ~ i  Lo ji is p ~ i f ~ r i i i ~ d ,  th:c 

where g (y )  is a  c o n s t a n t  of i n t e g r a t i o n ,  now g ( y )  is a n  a r b i t r a r y  f u n c t i o n  of  

y which must be  evaluated. The e q u a t i o n s  a r e  of f i r s t .  o r d e r  s o  we can  sati::fy 

only one boundary c o n d i t i o a  bu t  by t h e  n a t u r e  of  o b s e r v a t i o n s ,  we know t h a t  i n  

t h e  wes te rn  p a r t  of t h e  At ln t l t i c  Ocean, t l rcre is a narrow bond of i n t e n s e  

c u r r e n t  o c c u r r i n g ,  so  t h i s  s o l u t i o n  w i l l  probably  n o t  a p p l y  t o  t h c  wes te rn  boundary 

r e g i o n ,  o r  a t  l e a s t  tlrc d i s l a n c c  c away from t.hc boundary wlrich is a t  x = 0. 

Though t h i s  c a r l y  model of wind gcncra ted  t r a n s p o r t  secmo i n a p p r o p r i a t e  t o  

a Gulf Strcnm model, i t  d i d  e s t a b l i s h  a  t h e o x c t i c a l  b a s i s  from which t o  procced.  

So wc'vc solved a c i r c u l a t i o ~ r  problcrn w i t h  U b c l n g  z e r o  3 t  one c o a s t  

(Eaetcrn) b u t  w e  wcrc unable  t o  s a t i s f y  n cond1.tion on t h e  o t h e r  c o o s t  (Western). 

Thc dy~ramics of tlrc problem worc no t  of a h i g h  enough o r d e r  t o  permit  o c l c s c d  
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basin s o l u t i o n .  

What we r e a l l y  h;~vc h c r c  is a d ivc rgencc  of t h e  Ehnan wind d r i f t ,  produced 

by the convcrgcnce of t h e  gcos t roph ic  f low (or  v i c e  v c r s o  convcrgcncc by 

divergence). Thus t h c  p i c t u r e  is  of a couplcd flow comprised of t h c  E k n  

l a y e r  respanding to t h e  wind and ttrc under ly ing  h c o s t r o p h i c  l a y e r  which a d j u s t s  

i t s e l f .  . 
W e ' l l  ncxt  look a t  n "closctl" c i r c u l a t l o ~ ~  Ln a hountlr~d b a n i r - o n c t h n  not. 

p o s s i b l e  i n  t h e  Sverdrup approx inu t ions .  Stommcl (1948) iu r roduccd  o f r i c t i o r l c l l  

term or r a t h e r ,  a mechanism f o r  d i s s i p a t i o n .  The f r i c t i o n  1s i n t r o d u c e d  i n  

t h e  form o f  a d r a g  on t h e  bottom of t h e  ocean--which may o r  m y  n o t  be  a 

r e a l i s t i c  d i s s i p a t i o n  source--to show t h a t  c l o s e d  b a s i n  c i r c u l a t i o n  w i t h  

western  i n t e r s i f  %catJon a r e  possible. Cousidcr  a r e c t a n g u l a r  b a s i n ,  o 5 r s L , ocvr  4, 

and a wind s t r e s s  g iven  by ~ ( y )  = - F us (y). W e  now have 

and 
av ary 

= ( A z z  az = TYs- Z y b  
-h 

I f  we n e x t  choose 



md R is n constant mcnsuring thc bottom drrv.  Stomcl thcn 1ntegratc.l from 

z - -h to 7 - 2 using, by definition: 

and noting that 

so the main cquations become: 

Taking thc curl of thc equations of motion and summing yiclds In terms of a 

etrcm futrc t ion l\V' such that 



results Ir: the fol lowing equation 

t o  bc solved* 

If i t  is now assum~d that  the  y-dependence for 4' is o f  t h e  form sin ( n% ) 
and If vc assume that q' can bc w r i t t e n  as ~ ' ( q  ,y) = & ( X I  ( * Y / b )  , 

then s u b s t i t u t i n g  t h i s  i n t o  the  *'equation y i e l d s  

Now, the general s o l u t i o n  t o  the homogcncous equation 2.97. with  

and 

whcrc C1 and C2 arc  t h c  constants  of irltcgraLicn, so 

where 
C I C4 -- -- * ( t b I  ) 
na 



For the 4' equation. the buundary conditions arc that 

*'- O a t  y - 0, b 

and x - 0 . L  

q t ( o S y )  - q' (L,y) - RP' (x.0) - q 9 x . b )  = 0 .  

the condition on y = 0 ,  b i r  (:t imncdi;ltcly sincc the resul t  is  a anction of 

e i n  %. The condition on x = C, I. y ie lds  that 
b 

BL I - e  e AL - I 
c4 = and C5 = 

eAL - eBL e A L  - eeL 

eo the Stommel solution is that 

and thus 

and 

In interpreting t h i s ,  Stomel c t~ose  (rather arb i t rar i ly ,  t o  say the 

l e a s t ) ,  



h - 2(104)  cm 

R - 0.02 

2 F - 1 dync/cm . 
Now i f  t h e  ocean is not  r o t a t i n g ,  i .e . ,  

and 

a s o l u t i o n  dep ic ted  i n  Figure  2.4. 

The sea s u r f a c e  is  given by 

and d e p i c t e d  i n  Figure  2 . 5 .  N o w  when t h e  C o r i o l i s  parameter i s  a c o n s t a n t  

(0.25 then t h e  s t r e a m l i n e  diagram remains t h e  same as t h e  (3 - f o  = 0 

c a s e  bu t  t h e  (I diagram changes as shown i n  F igure  2 . 6 .  Next, when t h e  C o r i o l i s  

parameter is a l i nea r  f u n c t i o n  of l a t i t u d e ,  i . e . ,  f  = f, + (3 y t h c n  F i g u r e  

I 
2.7 r c s u l t o  f o r  and Figure  2.8 is  t h e  s e a  sul - face  topography depiction. 

The obvious f c a t u r e  of  t h e  f  - c o n s t a n t  c a s e  is t h e  crowding of  strcnm1:nes 

on t h e  wes te rn  s i d e  of t h e  bas in .  The v ~ l o c i t y  a long  t h e  Southern  bordcr  i s  

W 2 0  cm/sec and a long t h e  Wcstcrn bordcr  is  a 2 4 0  cm/sec. The band wid th  o f  

t h e  i n t e n s i f i e d  c u r r e n t  is N 100 km. Thc i m p l i c a t i o n  i s  t h c n ,  because  f changes  

as  a f u n c t i o n  of l a t i t u d e ,  then t h e r e  is n c o n c e n t r a t i o n  of s t r c m l i n c s  a l o n g  



the western boundaries of ocean:: .. r ~ l t i i ~ g  i n  such phenomena as t he  Culf Strcam 

and t h r  Kuroshio. 

Wc'll now consider t he  Murlk (1950) f r i c t i o n a l  theory of t h e  ocean wi th  a  

model s t r u c t u r e  s imi la r  t o  t h a t  of S t o m c l ' s .  Munk's motivation t o  do t h i e  

problem was t h a t  Storurnel made t h e  assumption of a non-zero drag a t  t h e  bottom, 

which rnj gilt be rath(?r  un rea l i s t  ic , so Mun!: solved a problem us1 ng tllc assu;:~,>t ions  

t h a t  a t  solnc dcptlr z = -z t lrc cur rcrlt:; vanish and  the  strcss i s  assurnctl 
n o ~ ; o  ' 

neg l ig ib l e  and t h a t  l a t e r a l  f r i c t i o n  is not negl ig ib le .  The equat ions of motion 

a r e  now 

and 

b - ) + -  (r, a)- (2 .lo51 
c z  52 

Hunk then used the  concert  of v e r t i c a l l y  in tegra ted  mass t r anspor t  which 

was introduced by Sverdrup. After  i n t e g r a t i n g  i n  z, c ros s -d i f f e ren t i a t i ng  i n  

a*' x and y and combining the equations i n  q' , where V -- a ~ '  
ax and U - - - 

aY 
then t h e  equation t o  bc solved is  

I I 

f o r  s ingular  boundary rcgion 

t J 

f o r  t h e  i n t e r i o r  region 

Thie equation i s  now ilpplicd t o  the  rectangular  ocean. 

The bouridary conritrn l n t s  a r e  t h a t  both v' and i t s  d c r i v a t i v c s  normal t o  



t h e  boundaries must va rn i sh .  Note t h a t  we've assumcd orlly an  cast-west  wind 

ryetcm s o  T Ys= O. 

Hunk's r a t i o n a l  was t o  look f o r  a boundary l a y e r  s o l u t i o n  of 2.106. 

The mot ivat ion t o  do t h i s  comes from t h e  problem's phys ics  which i m p l i e s  t h a t  

f r i c t i o n  m y  play  a ss311 r o l e  i n  t h e  i n t e r i o r  of t h e  ocean s o  i n  t h e  i n t e r i o r  

Kx may be small. 

From Figure  2 . 9 ,  Zxs can be represen ted  by 

A change i n  v a r i a b l e s  such t h a t  

Is now in t roduced.  

Then i f  we. assume t h a t  4' is of t h e  form 5th ~ y '  as a y '  v a r i a t i o n ,  t h e n  

/ 
we can w r i t e  t h e  x - d e ~ e n d e n t  D a r t  of 2.106 as 

4 
and fur thermore,  i f  we c a l l  G; t h e  i n t e r i o r  s o l u t i o n  then  ~7 = - x'+ C 

Near t h e  . ~undary ,  f r i c t i o n a l  terms a r e  1mportan.t and s i n c e  t h e  boundary l a y e r  

i a  smal l  w e  can s t r e t c h  t h e  x co-ordinate  i n  t h i s  r e g i o n  by i n t r o d u c i n g  t h e  

v a r i a b l e  < def ined a s  x'= p j  where rn is  a c o n s t a n t  determined from 2.108. 

S ince  we r e q u i r e  t h e  balance i n  t h e  boundary r e g i o n  t o  r e t a i n  t h e  3 term, 
d x'+ 

then  we would l i k e  t h i s  tenn t o  be of o r d e r  u n i t y  i n  t h e  boundary reg ion .  We 

nov m t c h  t h i s  t e r n  w i t h  a l l  o t h e r s  i n  t h e  e q u a t i o n  which a r e  of o r d e r  u n i t y .  

d4*- d GY 
I f  t h i s  i s  done then wc f i n d  t h a t  - and - ba lance  each o t h e r  f a i r l y  

well. Equation (2.108) t t ~ c n  becomes 
5& " 3  



and t h e  ba lance  i n  2.109 iniplics t irat  

r o  we have 

I I 

and t o  a n  o r d e r  of A" , t l ~ i s  c q u ; ~ t i o n  can be n p p r o x i m t e d  by 

f o r  t h e  boundary l a y e r .  

The f i n a l  s o l u t i o n  of 2.111 is 

8 
and i f  we app ly  t h e  boundary c o n d i t i o n s  t h a t  q = O  on a l l  boundar ies  and t h a t  

b*' - - o a t  x = 0 ,  a then  t h e  complcte s o l u t i o n  is ax 

So u s i n g  t h e  mean annual  zonal  winds o n l y ,  t h e  s o l u t i o n  shows t h a t  t h e  

i n t e g r a t e d  ocean ic  wind-driven c i r c u l a t i o n  i s  d i v i d e d  i n t o  c l o s e d  c i r c u l a t o r y  

ryetems c a l l e d  "gyres." The gyres  a r e  bounded a t  l a t i t u d e s  where t h e  c u r l x  E: o 

and are cen te red  a t  l a t i t u d e s  where c u r l x  i s  a n  extremum. 

So f o r  t h e  zonal  wind c o s c  givcn h e r e ,  t h e  d i v i d i n g  l i n e s  bctwecn t h e  g y r e s  

a r e  given by 



and t h e  maxim o r  t h e  axes of t h e  gyrcs  a r e  a t  

The form of t h e  s t r c d i n c s  i s  as  shown i n  F i g u r e  2.10. If we d e f i n e  

It - ( ) then t h e  region bctucco x - 0 rind x - 4 / K  currespo~ido to t h c  

Gulf Stream. Now i f  t h e  s o l u t i o n  t h a t  we have i s  w r i t t e n  as 

where 

and 

t h e n  F(xl) is t h e  t o t a l  northward t r a n s p o r t  between x - 0 and x - x, and 

i e  t h e  t o t a l  northward'  t r a n s p o r t  per u n i t  wid th  between x = 0 and x = x. NOW 

dF 
when F and a r e  evaluated then wc f i n d  t h a t  t h e  ocean f a l l s  i n t o  t h e  t h r e e  

p a r t s  (as a f u n c t i o n  of x) which wcrc used i n  t h e  s o l u t i o n  dcvclopment, s o  a t  

t h o  western  boundary then x < c  r and r >> 1, and f o r  any fixcd l a t i t u d e ,  

v a r i e s  w i t h  F(x) only ,  s o  



and 

This r c p r c s c n t s  an undcrdamprcl o s c i l l n t l r ~ ~ ~  w i t h  wnvclcngth 

Note a l s o  t h a t  t h e  form of * ' r e s u l t s  i n  a coun te r -cur ren t  o u t s i d e  of t h e  

7 2 
western  boundary reg ion  and f o r  KL- S(10 )cm / s e c  L 200-250 km. 

2 
Recent d a t a  sugges t s  t h a t  t h e  Gulf Strcam is  50-60 km wide,  s o  ZY. lo6 cm /SCC 

i e  a more reasonab le  c h a r a c t e r i s t i c  l a t e r a l  f r i c t i o n a l  t r a n s f e r  c o e f f i c i e n t  

Away from e i t h e r  t h e  east-west  boundary, x i s  comparablc t o  r and - - 1-25 
' centra l  r I 

which g i v e  a broad c o n s t a n t  d r i f t  
S c e n t r a l  , _ - 
d x r 

which corresponds t o  t h c  Sverdrup s o l u t i o n  where - "' - - VX whf 2 i s  ax P 
zonal. On o r  a long t h e  e a s t e r n  c o a s t a l  s t r i p  then  x &  r o r  ( r - x ) e  r 

and 

so thc width is small, t h c  c u r r e n t  is wcok and i n  t h e  r c n l  world a l o c a l  mer id iona l  

wind m y  obscurc  t h e  c u r r e n t .  



Hunk found t h a t  t h e  coun te rcur ren t  e a s t  of t h e  Gulf Stream was i n  good 

agreement wi th  theory but t h e r e  i s  a l s o  a counterf low observed a l s o  betwccn t h c  

c o a s t  and t h e  s t r o n g  m c r i d i o n ~ l  c u r r e n t  which is no t  p rcd ic tcd  by Munk's v i s c o u s  

boundary l a y e r  theory . 
Although t h e  f r i c t i o n a l  b a r o c l i n i c  modcls o r e  q u i t c  good t h e r e  a r e  problcms 

such as: i t  is assumed t h a t  s u f f i c i e n t  potential energy i s  a v a i l a b l e  t o  a l l o w  

t h e  c i r c u l a t i o n  t o  c x i s t  as a b n r o c l i n i c  E O ~ L ? ,  but  i t  I , .  ty not bc Lrcrf.! t h a t  f o r  

every d i s t r i b u t i o n  of wind s t r e s s ,  t h e  d e n s i t y  f i e l d  w i l l  respond w i t h  a 

d i s t r i b u t i o n  of p o t e n t i a l  energy t h a t  i s  determined by t h e  wind s t r z s s .  

S i n c e  t h e  non-linear terms a r e  n e g l e c t e d ,  f r i c t i o n  a c t s  t h e  same up and 

donu stream along  the wes te rn  boundary. and the  q u e s t i o n  remains "why d o e s  t h e  

western  boundary c u r r e n t  s e p a r a t e  from t h e  coas t . "  



2.5 NU?fERICAl. MODELS 

Though t h e  analytical Munk (1950) node l  s u c c e s s f u l l y  p r e d i c t s ,  t o  va ry ing  

measure, t h e  g r o s s  s t a t io r in ry  f e a t u r e s  o f  t h e  Culf Strenm, i t  i s  e v i d e n t  from 

ocean s t a t i o n  d a t a  a s  w e l l  a s  p r e s e n t  VHRR (Very High Reso lu t ion  Radiometer) 

d a t a  t h a t  such a  model is  a  s imple  approximation a t  b e s t .  There  hove been n 

' 0  mul t i tude  of models e i t h e r  i n  ex tens ion  of thc! Hunk work o r  w i t h  non- l inea r  

opproachcs t o  t h e  problcm, such a s  t h o s c  of Fof onof f (195h),  1lorg;ln ( 1  956), 

Charney (1955) and S t o m e l  (1961). bu t  no one h a s  y e t  c o n s t t u c t c d  a t h e o r e t i c a l  

model i n  which one can have more than  rese rved  conf idence.  

I n  a l l  of t h e  above models, n o n - l i n e a r i t i e s  a r e  n o t  cons ide red  contcmporancously 

w i t h  l a t e r a l  and o r  v e r t i c a l  f r i c t i o n .  Furthermore,  temporal  v a r i a t i o n s  and baro-  

c l i n i c i t y  a r e  neg lec ted  e n t i r e l y .  It t h u s  becomcs i m p l i c i t ,  from t h e  l a c k  of 

good reproduc t ion  of n a t u r e  by theory  t h a t  t h e  s t a t i o n a r y  b a r o t r o p i c  assumption i s  

n o t  a ve ry  complete form of t r u t h  i n  approach t o  a n  i n v e s t i g a t i o n  of t h c  Gulf Strcarn 

na tu re .  

It ~ J S ,  i n  f a c t ,  no t  u n t i l  Lineykin 's  (1957) work appeared t h a t  t h e  " d i f f u s i o r ~  

of dens i ty"  equa t ions  appeared i n  any of t h e  m a t i ~ c m t i c s  sys tems approaches  t o  

t h e  problem of s o l v i n g  t h e  complete system of coupled e q u a t i o n s  (Nos. 2.1 through 

2.7). 

Sarkisyan (1969) i n d i c a t e s  t h e  more obvious shortcomings of ~ a r o t r o p i c  

oceanic  c i r c u l n t i o n  models. Re demonstra tes  t h a t  f a i l u r e  t o  i n c l u u c  b a r o c l i n i c f t y  

and bottom topography a r c  perhaps t h e  most s e r i o u s  omiss ions .  I t  Is c l c a r  from 

h i s  d i s c u s s i o n  t h a t  t h e  d e n s i t y  f i e l d ,  more than  any o t h e r  v a r i a b l e ,  d e f i n e s  t h c  

c u r r e n t  f i e l d ,  s o  f low-f ic ld  c s l c u l a t i o n s  a r c  only  a s  a c c u r a t e  3s our  knowledge 

of the f i e l d  of USS. Consequently,  Bryan and Cox (1967).  Bryan and Cox (1968) ,  

Bryan (1969). Sarkisyan and Keondzhyan (1972),  and kcondzhynn (1973) took t h e  



. I  

numerical  methods approach t o  c a l c u l a t i n g  sen l e v e l ,  u s e  troti::port and flow 

f i e l d s  us ing n u m ~ ? r i c a l ,  vc r sus  pure ly  a n a l y t i c a l ,  t cchn iqucs .  The l a t t c r  two 

works f u r t h e r e d  t h e  numcricnl p r e d i c t i o n s  w i t h  a d i a g n o s t i c  approach t o  t h e  

problems. 

The p r e s e n t  s t a t e  of t h e  numerical  modeling a r t  i s  no t  s u f f i c i e n t  i n  terms 

of computer s t o r a g e  space ,  t imc l i m i t s ,  mesh g r i d  and f i n a n c e s ,  t o  s o l v e  

' - equ:rtions 2.1 tl:rnugh 2.7. Presumably w i t h  t h e  ndvcnt of 1:lrl:cr and f;~r::cr 

co~upurcrs ,  w e ' l l  bc a b l c  t o  nore  adequ:ltcly p r c d i c t  t h e  v e l o c i t y  and d c ~ l s l  t y  

f i e l d s  bu t  p r e s e n t l y  t h e  s t r a i g h t f o r w a r d  numerical  approach has  g l a r i n g  s h o r t -  

comings. 

The d i a g n o s t i c  approach t o  numerical  modeling p r e d i c t i o n  h a s  been taken by 

s e v e r a l  i n v e s t i g a t o r s  based on t h e  r e a l i z a t i o n  t h a t  t h e r e  is  a  c o n s i d e r a b l e  

amount of ocean s t a t i o n  d a t a  which h a s  been c o l l e c t e d  o v e r  t h e  l a s t  s i x t y  y e a r s  

i n  t h e  nea r  v i c i n i t y  of t h e  Gulf Stream. Given t h i s  d a t a ,  Keondzhyan h a s  

recons t ruc ted  t h e  d e n s i t y  f i e l d s  a s  a fur lc t ion of t imc  and t h e a  d i r e c t l y  computed 

t h e  v e l o c i t y  and p r e s s u r e  f i e l d s  which a r c  contemporary w i t h  t h e  STD f i e l d  

observablcs .  With such on approach,  one i s  n o t  burdened wi th  n o n - l i n e a r i t i e s  

i n  t h e  equa t ions  of s a l t  and hea t  and i n  t h e  non- l inear  coup l ing  of S and T 

w i t h  t h e  h o r i z o n t a l  t q u a t i o ~ s  of motion by way of  t h e  q u a s i - h y d r o s t a t i c  assumption. 

Keondzhyan n o t e s  t h a t  t h e  r e s u l t s  can bc  assumed t o  b e  a m u l t i l a y c r e d  modcl, , 

which i n  t h e  l i m i t  of ze ro  l a y c r  t h i c k n e s s  becomes a  r e p r e s c n t n t i o n  of a con t inuous ly  

s t r a t i f i e d  f l u i d .  Th i s  approach is f u r t t ~ e r  supported n l s o  s i n c c  no l aye r - - in te r -  

f a c i a l  c o n d i t i o n s  nced be  imposed o t h e r  than t h e  c o n t i n u i t y  c o n d i t i o n .  

I n  t h e  a c t u a l  modcl, Keondzhyan iniposcs a wind s t r e s s  and supposes  t h e  

c o n d i t i o n s  of no flow normal o r  t a n g e n t i a l  t o  t h e  l a t e r a l  o r  v e r t i c a l  boundaries. 

With a b a s i n  de f ined  l a t e r a l l y  a s  f ( 8 , A )  and on t h c  hottom by H ( 0 ,  A )  , where 

8 and A a r e  l a t i t u d e  ;ll4 long i tude  r c s p c c t i v e l y ,  t h c  nu thor  tllcn epec i f i c t l  t h e  



d e n s i t y  f i e l d  f (  B , A , z )  nnd n l inc r i ca l ly  eolvco a modificd v c r s i o n  of t h e  systc*:? 

of hydrodynamic cqua t ions  2.1 through 2.3 wi th  a h o r i z o n t a l  s t e p  :;p;~cing of 1 .25" .  

The c a l c u l a t i o n  r e s u l t s  y i e l d  v c l o c i t y  p r o f i l e s  which a r c  i n  r e a s o n i ~ t ~ l c  a g r c v m ~ ~ n t  

wi th  p resen t  knowlcdgc of t h e  m \ ~ l t i y c n r  nvcragcs  f o r  t h e  n u m c r  season f o r  t h c  

d i r e c t i o n  and s t r e n g t h  of c i r c u l a t i o n  i n  t h c  North A t l a n t i c ,  The c y c l o n i c  n a t u r e  

of t h e  lowest  o rde r  c i r c u l a t i o n  is ev ldcn t  wit11  t h e  East  Greenland and f ~ b o r a d o r  

c u r r e n t s  a:~tl n strolrj; C u l f  Strc.;t~n .:!~owJn~, ilp c;iilte c l t * ; l t l y .  F i g ~ i r t .  2.11. depic t  * :  

t h e  f i e l d  :;urface e l  c ~ ,  ; ~ t i o ~ i  as cou~putcd f ro:a Lilt p r e d i ~ t . ~ d  f i e 1  J o t  prc:t;surc 

a n o m l y  o f  Keondzhyan. The p r e d i c t e d  change i n  sea s u r f a c e  e l e v a t i o n  a c r o s s  t h c  

Culf Stream is then used i n  a one by one comparison of s u r f a c e  e l e v a t i o n s  computed 

by t h e  dynamic h c i g h t  methods from a c t . 1 a 1  s t a t i o n  d a t a ,  a s  d i s c u s s e d  e a r l i e r ,  

'along i d e n t i c a l  t r a n s e c t s  of t h e  Culf Stream. These comparat ive  r e s u l t s  a r e  

shown i n  a l l  f i g u r e s  e n t i t l e d  Sen 1.cvcl E l e v a t i o n s  i n  t h i s  r e p o r t .  

A s t a r t l i n g  f a c t  a r i s e s  from t l ~ t s e  r e s u l t s ,  a s  evidenced i n  t h c  f i g u r e s ,  tlrc 

Keondzhyan (K) numerical  model, though o n l y  u s e f u l  i n  a time-averaged s e n s e ,  

shows remarkable rcsemblcnce t o  t i le  dynamic h e i g h t  c a l c u l a t i o n s  gencrn tcd  by ' 

Huang and P j c t r a f c s a  (11-P) i n  t h i s  r c p o r t .  The c u r v e s  a r e  ncver  i d e n t i c a l  and 

t h e  d c p a r t u r c s  of t h e  H-P curves  from t h e  K c u r v e  ate n o t  wcl'l correlated t o  

t h e  contcmporancous wind magnitudes and d i r e c t i o n s .  It must be remembered h c r c  

t h a t  t h e  K cu rve  i n c l u d c s  a  s e a s o n a l l y  averaged s u r f a c e  wind s o  t h a t  d c p a r t u r c s  

of t h e  mech:lnical f o r c i n g  f u n c t i o n  from t h e  mean should  be t h e  r u l c  r a t h e r  t h a n  

t h e  excep t ion .  

The r e s u l t s  of t h c  Kcondzhyan work d e p i c t  t t lc  follow in^ f e a t u r e s  of t h e  

North A t l a n t i c  ocean: t h c  well-known countcr-c lockwise  Northern  c e l l ;  t h c  East 

Greenland and a  s u b s t r ~ n r i n l  Xnborrrdor c u r r e n t ;  the  clockwise r o t a t i o n a l  circu1:l t iot l  

a t  m i d - l a t i t u d c s ;  a n  in t iv isc  wcs tc rn  boundary c u r r e n t ,  t h e  Culf  Stream, which 

e e p a r n t e s  a t  approx im; l t~ ly  50' west lot~gitudc! and 40' n o r t h  l a t i t u d e  i n t o  o 



northeastward flowing brirnch, a  c o n t i n u a t i o n  of t h e  Culf Strcum and a  p a r t  which 

t u r n s ,  i n  a clockwiec fash ion  t o  t h e  sou th ,  t o  bccome a c u r r c n t  coun te r  t o  and 

beyond t h e  e a s t e r n  l n t c r n l  boundary of t h c  Culf Stream. 

The numcrira l  models a l s o  s u b s t a n t i a t e  t h e  b a r o c l i n i c  ocean work of 

Lineykin (1955a, 1955b, 1 9 5 5 ~ ~  1956, 1957a, 1957b, 1 9 5 7 ~ )  i n  c o n t r a s t  t o  t h e  

c l n s o i c a l  t h c o r i e s  based on t h e  Svcrdrup r e l a t i o n .  The rcs111ts of Kcc~ndzhyan 

a l s o  show, rathc!r concluriivcly , t h a t  t h c  mcr id ion ;~ l  and zon.11 rransl~c81- t ..: :Ire 

not  indcpcndcnt of one o r  thc o t h e r ,  as is suggcsred by t l lc Svcrdrup t l ~ c o r y ,  

and ex tens ions  t h e r e o f ,  but  depend, i n  a coupled way, on wind s t r e s s ,  bottom 

topography and t h e  b a r o c l i n i c i t y  of t h e  ocean regime. T h i s  d i a g n o s t i c  approach 

o f f e r s  a powerful t i001  f o r  f u t u r e  work i n  ocean dynamics. 



Pigurc 2.1 Dynamic configuration of Gulf Stream 
cross-section. 



SALINITY I N  '/,, 

Figure 2 .2  S a l i n i t y  versus dcpt l l  for cxiunplc g ivcn i n  S e c t i o n  2 . 3 .  





Figure 2 . 4  Streamlines of a non-rotating 
ocean (Stc-3c1, 1948, Fig. 2). 

Figure 2.5 Contours of sca surface h e i g h t  
in n non-rotating occnn 
(Stommcl, 1948, Fig. 3). 



Figure 2.6 Contours of sen surface hc ight  
i n  cm. i n  a uniformly rotating 
ocean (Stommel, 1948, Fig. 4). 

Figurc 2.7 Strcnnl incs  for case in which 
Cori olis paranlctcr varies 
l i n e a r l y  as a iunction of 
l a t i t u d e  (Stommcl., 1948, Fig. 5 ) .  



Figure  2 . 8  Contours o f  sea s u r f a c c  height 
I n  em. i n  an ocean where the 
C o r i o l j s  paramctcr i s  a l i n c n r  
f u n c t i o n  o f  l a t i t u d e  ( S t o m e l ,  
1948, Fig. 6 ) .  

Figure  2.9 Rcctangulnr ocean and 
wind  stress, a s  applicd 
lotitudin.11ly over  t h c  
occon, i n  Elunk (1950) 
model.  



Distance in KM. 

Figure 2.10 KISS transport streamfunction 
in units of 1012 gram sec-1 
for the Xunk (1950) model of 
the Gulf Stream (>funk, 1j50, 
Fig. 5). 



Figure 2.11 Thooretical Yodel of Gulf Strcam Surface 
Elevation by Keondztlyan (1973). 





3. SURFACE PROF 1 LES DAS1:'3 i?N tlYDR(3; r;;\r t !  iC DATA 

A s  discussed i n  the previous chaptcr ,  t11c s t i r f x e  elevation of t h e  occan 

can be r e l a t ed  t o  water movmcrlt d i rcc :  1 I; throul!!~ tli;. geos tro;)liic equations. 

Accepting the  approximations of t he  1:1oi!t.'t, we h3ve c.11culat.cd tlie ocean aurfrrcs 

e leva t ion  p r o f i l e s  based on hydrographic d a t a  tnbulatcd by National Oceanographic 

Data Center (NODC), N O M  alor~y! t he  G u l f  Stream p:\th off of t !~c  e a s t e r n  coas t  

I period from 1912 1.0 1972. ?'ill.: l o c a ~ i ~ ~ : ,  t.... :.LC!\ . < L : ~ . .  .%.3n i:-. 2i.r  ,-<i: p l o t t ~ d  on a 

map with time of the  survey indicated so  that t h e  s h i p  t r a c k  of each Indiv idua l  

c r u i s e  can be iden t i f i ed .  A l l  of the  s t a t i o n s  taken on a p a r t i c u l a r  c r u i s e  

are then fed i n t o  the  computer a s  dcscri . lcd i n  C h a p t e r  2 so  t h a t  dynamic 

heights  can be calculated.  

From t h e  s t a t i o n  da t a ,  one f i n d s  thnt t h e m  a r e  oany c r u i s e s  designed t o  

~ t u d y  cont inenta l  she l f  watcr  only. On such c r u i s e s ,  s h i p  t r acks  s t o p  as soon 

as t h e  edge of t h e  Culf Strcam is reached. Sincr: otlr i n t e r e s t  is, however, 

Sn the  loca t ion  as wel l  a s  thc  wgnitudt:  of t h c  su r f ace  e l eva t ion  dev ia t ion  

caused by the  Culf Stream, any s h i p  track t h a t  docs not complctcly t r ave r se  

the Culf Stream is discarded.  Thus the. da ta  from a number of very c l o s e l y  

spaced s t a t i o n s  co l lec ted  an in ly  by Duke Universj ry (Stef annson, Atkinson, 

1967) is urifortunntely, of no use i n  t h i s  s tudy.  Also, s i n c e  one of t h e  bas i c  

assumptions of gcostrophic niodclit~g is  tile cxistcncc of a l a y c r  of no motion, 

models based so l e ly  on shallow watcr d;ltcl w j l l  1:ccomc i nc reas ing ly  inaccu ra t e  

vhen the  depth becomes too  shallow. As n r e s u l t ,  wc excludc a l l  of the  s t a t i o n s  

with a t o t a l  depth l e s s  than 30 meters.  As fo r  thc  l aye r  of no motion, an  

a r b i t r a r y  depth of lOOOm is uccd throughout the  prcscnt  study. When t h o  

total  watcr depth is l e s s  than 1 0 0 0 ~ ~  thc! bottom is used a s  tlrc l a y e r  of no 

'motSon. This may not bc t l ~ c  b c s t  cholcc, bu t  i t  is adopted c u ~  a compromise 

~BRoDucIBlLr'ry OF THE 
OIUGINaL PAGE IS POOR 



RO t h a t  tlre v a s t  amount of d a t a  c o l l e c t e d  by d i f f e r e n t  s l ~ i p s  a t  d i f f c r e n t  

timce and l o c a t i o n s  can have a uniform r e f e r e n c e .  

A l l  of  t h c  r e s u l t s  a r e  prescntcd i n  graphs on a one f o r  one grnph t o  

c r u i s e  b a s i s .  Sometimes when a s i n g l e  c r u i s e  covers  two t r a c k s ,  t h e  p r o f i l e s  

of both  t r a c k s  a r e  p l o t t e d  togetlrer  t o  show t h e  d i f f e r e n c e  of s u r f a c e  e l e v a t i o n  

ovcr t h e  s h o r t  time period between t h e  two t r a n s e c t s .  Wind d a t a  a r c  p resen ted  

~b i ;c the r  w i t h  the  profile:; whcncvc\r av;r i lablc .  Thc wind :;peed is m c n r , ~ ~ r t d  i n  

ki;uts and thc d i r e c t i o n  i n  degrees  w i t h  z e r o  p o i n t i n g  t o  t h e  n o r t h .  Together 

wi th  most of t h e  p r o f i l e s ,  Keondzhyan (19731, mean Culf Stream model r e s u l t s  

a r e  p l o t t e d  a s  a common re fe rence .  The r e s u l t s  a r e  grouped by geographic  

l o c a t i o n s  and a r e  presented a s  fol lows.  

F igure  3.1 i n d i c a t e s  t h e  s h i p  t r a c k s  of t h e  su rvey  conducted i n  1932. 

F igures  3.2, 3.3, 3.4, 3.5 a r e  t h e  e a r l i e s t  complete p r o f i l e s  a v a i l a b l e  from 

t h c  NODC d a t a .  The s h i p  t r a c k s  fol lowed t h e  l i n e  between Capc Char les  and 

Bermuda. The p r o f i l e s  show cons iderab le  f l u c t u n t i o n s  i n  Culf Stream s t r c n g t h ,  

but  t h e  l o c a t i o n  of t h e  Gulf Stream is  r a t h e r  s t a b l e  a t  200 n a u t i c a l  m i l e s  o f f  

of t h e  coas t .  Unfor tunate ly  no wind d a t a  a r e  a v a i l a b l e  f o r  t h e s e  c r u i s e s .  

F igure  3.6 i n d i c a t e s  ano ther  e i g h t  s h i p  t r a c k s  i n  t h e  same g e n e r a l  a r e a  

o f f  t h e  c o a s t  of Vi rg in ia  cover ing t h e  y e a r s  1953 t o  1966. Again, t h e  agreement 

bctwcen t h e  p r o f i l e s  based on t h e  hydrographic d a t a  and t h e  mean Culf Stream 

model of Keondzhyan is accep tab le .  I n  f i g u r e s  3.8, 3.11, 3.13 t h e  s h i p  t r a c k s  

s t a r t e d  and cndcd i n  t h e  middle of t h e  ocean. An a r b i t r a r y  s t a t i o n  i n  each 

c r u i s e  is picked a s  t h e  r e f e r e n c e  s t a t i o n .  Thc d i s t a n c e  from land  marks t o  

suclr r e f e r e n c e  s t a t i o n s  is  i n d i c a t e d  on t h e  grnph. 

Figure  3.15 i n d i c a t c s  s h i p  t r a c k s  of a l l  t h e  s t a t i o n s  s o u t h  of Capc 

l l a t t c r a s  cover ing t h e  ycnrs  fratr  1955 t o  197C. F i g u r e s  3.16 t o  3.30 sliow t h e  

p r o f i l e s ,  t h e  a v n i l n b l c  wind c o n d i t i o n s  and t b e  p r o f i l e s  from Keondzhyan's 

mean model. 



O f  s p e c i a l  i n t e r e s t  a r c  t h e  s t a t i o n s  ind1c;ltcd i n  F igure  3.31. These ere 

r a t h e r  c l o s e l y  spaced s t a t i o n s  bo th  i n  t h e  t imc and s p a c e  domains. F i g u r e s  

3.32 t o  3.36 show t h e  t cn  p r o f i l e s  survcycd i n  c levcn  days  i n  June ,  1968. 

According t o  tllc acceptcd thcory ,  t h c  Gulf Strcclm p a t h  w i l l  n o t  changc much 

i n  such a s h o r t  t ime span a s  t h i s  ( s c c ,  f o t  example, Stommcl, 1966). Howcvcr, 

t he  hydrographic d a t a  showed t h a t  d ramat ic  changes could  occur  over  n v e r y  

. eliort  time. YIgure 3.32 p r c s c n t s  two d l f f e r c u t :  p r o f i l e s  obt :~ined over  t h e  same 

t r a n s c c t  w i t l ~ i n  a t h r c c  day p c r i o J .  'I'hc rcmar1:ablc thin!: i s  t h a t  surIclcc 

e l e v a t i o n  inc reased  by h a l f  an o r d e r  of magnitude from one c u r v e  t o  t h e  o t h e r  

l e a d i n g  t o  incvi tc lb le  q u e s t i o n s  concernitrg t h e  accuracy  of shipbound s u r v e y s  

spanning months d u r i n g  a  s i n g l e  c r u i s e .  S imi la r  f e a t u r e s  of s h o r t  p e r i o d  

changes have a l s o  been obscrved by r e c e n t  remote s e n s i n g  t echn iques .  Such 

phenomena undoubtedly dese rve  f u r t h e r  s c r u t i n y .  

Another group of c l o s c l y  spaccd s t a t i o n  c r u i s e s  a r e  p r e s e n t e d  i n  F i g u r e s  

3.37 t o  3.45. There a r e  n i n e  c r u i s c s  t r a n s e c t i n g  1 7  t r a c k s  surveyed from 

August t o  December of 1965. Though t h e  p r o f i l e s  i n  g e n e r a l  a g r e e  ve ry  w c l l  

dur ing  any s i n g l e  c r u i s e ,  tlrc d i f f c r c n c c s  betwecn c r u i s c s  a r e  s t i l l  s u b s t a ~ t i a l .  

Th i s  a g a i n  i n d i c a t e s  t h e  m o b i l i t y  and t r a n s i e n t  n=lture o f  t h e  Culf  Stream cven 

s o u t h  of Cape l h r t e r a s ,  

I n  g e n e r a l ,  t h c r e  seems t o  be  no d i r e c t  c o r r c l n t i o n  betwcen t h e  l o c a l  wind 

c o n d i t i o n  and t h e  Culf Strcam s t r e n g t h .  Th i s  is suppor ted  by S t o m e l ' s  

( S t o m c l ,  1966) cncrgy argurncnt. T h i s  l c a v e s  r a p i d  changes i n  Culf Strcam 

8 t r c n ~ t h  s t i l l  no t  accountable .  Another i n t e r e s t i n g  p o i n t  is t h a t  most of t h e  

p r o f i l c s  i n  t h c  group covcrcd by F i g u r c s  3.37 t o  3.45 g c n c r a l l y  show wcnker 

Culf Stream i n t e n s i t y  than  tllc mcnn rnodcl of  Keotldzhyan. T h i s  is probably 

due t o  t h e  weakcncd flow i n  t h c  f a l l  a s  r cpor tcd  by I s c l i n  (1340) and F u g l i s t e r  



Tho last  group of profilcs prcscntcd in  Figures 3.46 to 3.50 i s  for 

the.Miomi area. The profilcs are grouped by seasons. Some fluctuations can 

be detected but thc variations are not substantial. 



80 75 70 

Pig. 3 .1  Ship  tracks for Fige. 3.2 t o  3 .5  











Pig. 3.6 Ship tracks for Figs. 3.7 t o  3.14 
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Fig. 3.15 Ship tracks for Figs. 3.16 to  3.30 
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Figure 3.31 Ship tracks for Figs.  3.32 to 3.45 
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Fig. 3.46 Ship tracks for Figs .  3 .47  t o  3.50 











4. GEOIDAL UNDULATIONS 

4.1 BACKGROUND 

We a r e  i n t e r e s t e d  i n  obtaining sur face  e leva t ion  information from s a t e l l i t e s ,  

and any depar tures  from a f l a t  sur face  over oceans a r e  i n t e r p r e t e d  a s  having 

been caused e i t h e r  by cur ren t  systems o r  t o  a l a r g e r  ex t en t ,  by changes i n  the  

l o c a l  g r a v i t a t i o n a l  acce lera t ion .  The con t inen ta l  margins a r e  regions of r a t h e r  
. . 

dramatic depar ture  of the va lue  of r e a l  g from a l a t i t u d i n a l l y  based constant .  

Reasons f o r  t h i s  f a c t  a r e  s eve ra l ,  t h e  two foremost due t o  t h e  changes i n  ocean 

bottom depth of t h e  order  of t h r e e  t o  s i x  ki lometers  over l a t e r a l  d i s t ances  of 

t h e  order  of t e n s  of ki lometers .  Fac tors  in f luenc ing  depar tures  of sea  su r f ace  

e leva t ion  from a l e v e l  of constanr z a r e  then geostrophic and hydros t a t i c  

adjustment and l o c a l  changes i n  t h e  va lue  of t h e  g r a v i t a t i o n a l  a c c e l e r a t i o n  

c o e f f i c i e n t  . 
A s  i t  occurs ,  t h e  Gulf Stream between Flor ida  and Cape Hat te ras  genera l ly  

fol lows t h e  con t inen ta l  she l f  contour. Thus a region of s i g n i f i c a n t  changes 

i n  t h e  l o c a l  g r a v i t a t i o n a l  p o t e n t i a l ,  as is t h e  she l f  margin south  of Cape 

Ea t t e r a s ,  can a l s o  be  a regime of i n t ense  sea  sur face  adjustment due t o  an 

in tense  western boundary current .  Because of these  in t eg ra t ed  complicat ions,  

su r f ace  s lope  ca l cu la t ions  cannot be based simply on hydrographic da t a  a s  done 

i n  s ec t ion  2 of t h i s  r e p o r t ,  but  must a l s o  be adjusted wi th  geophysical g rav i ty  

determinations. The s a t e l l i t e  cannot d i f f e r e n t i a t e  between anomaly source,  

it simply sees  t h e  r e s u l t a n t .  

Undulations i n  t h e  geoid and de f l ec t ions  of t h e  v e r t i c a l  can be caused 

by unknown d i s tu rb ing  masses which c r e a t e  g rav i ty  anomalies. I f  one were t o  

have complete knowledge of the  g rav i ty  anomal ies ,ag ,  around t h e  e a r t h ,  then 

one could accurately know the  other  q u a n t i t i e s  worldwide. There has been a 
I . . 



i 35% coverage, on a 1' by 1' basis, f o r  t h e  e n t i r e  sur face  of t h e  Earth. This  

1 1 i e  a c r e d i t  t o  i nves t iga to r s  of t he  twentieth century but  unfor tuna te  t o  t h e  

determinations of geoidal  undulations and de f l ec t ions  of t h e  v e r t i c a l .  On,$ 

could of course ex t r apo la t e  from t h e  ex i s t i ng  g rav i ty  n e t  t o  unsurveyed a reas  
, , 

of the  world but  confidence i n  such an extension could not  be too high. 

. Furthermore, based on our 352, 1' by 1' coverage, and wi th  t h e  knowledge t h a t  

requirements f o r  anomalies a r e  i n  a rea  means and point  values we can s e e  that 

1' squares may only y i e l d  general ,  a s  d i s t i n c t  from l o c a l ,  p r ed ic t ions ,  a t  

best .  The case  of po in t  by point  pred ic t ion  i s  r e l a t e d  t o  t h e  determinat ion of 

a r e a  means of a l l  po in t  anomalies wi th in  the  a r e a  being surveyed. I n  e f f e c t  

then, a l a r g e  number of po in t s  f o r  an a rea  mean o r  :in a c t u a l  po in t  observat ion 

a r e  necess i ta ted  when deal ing with point  pred ic t ions .  

S t a t i s t i c a l  methods have been used t o  extend g rav i ty  d a t a  t o  t h e  unsurveyed 

a reas  of the  Earth.  It is genera l ly  f e l t  t h a t  i f ~ g  i s  unknown over d i s t ances  

3 ,between 10 t o  lo6 ki lometers  then var ious  modif icat ions of s t a t i s t i c a l  methods 

w i l l  a l low one t o  f i l l  t he  gap with reasonably good confidence, given no r e a l  

dramatic change i n  g ac ros s  t he  i n t e r v a l  t h a t  w i l l  not  be accounted f o r  i n  a n  

ex t rapola t ion .  Since, however, we know t h a t  g rav i ty  anomalies e x i s t ,  we can 

presume t h a t  they a r e  caused by topographic mass d e f i c i e n c i e s  i n  t he  oceans and 

excesses on t h e  cont inents  and by i s o s t a t i c  compensating su rp luses  and d e f i c i e n c i e s .  

Were the  Earth i n  hydros ta t ic  equi l ibr ium, the  equ ipo ten t i a l  su r f aces ,  including 

l e v e l ,  would be  a f l a t t ened  mathematical e l l i p s o i d  (Heiskanen, 1966). It is  

known from geophysical methods though, t h a t  the  Earth is  t o  apprec iab le  measure 

in. i s o s t a t i c  equi l ibr ium (Heiskanen and Meinesz, 1953) s o  t h a t  topographic mass 

excesses and surp luses  a r e  compensated f o r  by appropr ia te  masses. Simple response 

' . . of t h e  geoid t o  topographic change would mcan t h a t  a 5 ki lometer  high c o a s t a l  



mountain range p a r a l l e l  t o  a 5 kilometer deep abyssal  p l a i n  would r e s u l t  i n  a 

geoid undulation of t h e  order  of 800 meters.  Such changes have not been 

observed e i t h e r  by land,  sea  or  a irbourne instruments,  so there  is  no doubt t h a t  

i s o s t a t i c  compensation does occur t o  obvious measure. It can be assuredly  

claimed he re in  t h a t  topographic and compensating masses account f o r  no t  l e s s  

than 85% of g. . 
4.2 THEORY AKU .- CALCULITIOS -- 

With U,  t he  p o t e n t i a l  of t h e  e l l i p s o i d ;  W, the p o t e n t i a l  of t h e  geoid, 

, t h e  g rav i ty  on t h e  e l l i p s o i d ,  g, t h e  g rav i ty  on t h e  geoid and ag, equal  

to  g minus*, the  g rav i ty  anomaly then t h e  condit ion t h a t  t h e  p o t e n t i a l s  of 

t h e  e l l i p s o i d  and geoid a r e  equal  i s  

U = W = UV + V = constant ,  (3.1) 

where Uv i s  the  p o t e n t i a l  of t he  geoid i f  t he re  were no mass anomalies and V 

is t h e  d i s tu rb ing  po ten t i a l .  Now, though t h e  p o t e n t i a l s  of t h e  geoid and 

e l l i p s o i d  a r e  equivalent ,  t he  two equ ipo ten t i a l  sur faces  w i l l  no t  neces sa r i l y  

co inc ide ,  i n  which case they w i l l  be separated by N,  t h e  geoida l  undulat ion i n  

u n i t s  of length. With the  assumption t h a t  t h e  geoidal  undulat ion N i s  much 

l e s s  than the  e l l i p s o i d a l  geocentr ic  r ad ius ,  it can be assumed t h a t  

G. G. Stokes developed an expression f o r  V (Meiskanen and Mori tz ,  1967) 

which when subs t i t u t ed  i n t o  3.2 r e s u l t s  i n  the  following expression f o r  N 

where 



and * i s  the  angular  d i s t ance  between the  area w h e r e a g  i s  determined f o r  t o  . 
the point  f o r  which a va lue  f o r  N is being sought,  and d is  t h e  azimuth from 

the poin t  causing the  e f f e c t  t o  t he  a f f ec t ed  point .  A s  is  obvious from 3.3, 

i n t eg ra t ion  is ca r r i ed  out over t he  e n t i r e  globe, so one needs t o  have a 

knowledge of t h e  ke rna lAg ,  worldwide, i n  order  t o  perform the i n t e g r a t i o n  i n  

3.3 The l o c a l  value o f A g  is e s s e n t i a l l y  t h e  d i f f e r ence  between the  l o c a l l y  

nhaort?~rj g, mr?*r r  t h ~  k t ~ r i i ~ t i ~ i d  gi-d-<iLy furiuuia (iieiskanen, i92i i j  
gos --• -- 

a f t e r  s eve ra l  co r r ec t ions  have been appl ied t o  the  observed g r s v i t y  readings.  

. I t  should be  noted t h a t  the  major cont r ibu t ions  t o  N ,  a r e  func t ions  of values 

o f A g  within t h r e e  o r  four  hundred ki lometers  of t he  point  i n  quest ion.  Also 

of no te  i s  the  f a c t  t h a t  3.3 is  v a l i d  under t h e  assumption t h a t  a l l  masses 

producing t h e  equipoten t ia l  sur face  a r e  co-~ta ined  i n s i d e  of t he  geoid. 

The following is a descr ip t ion  of marine g rav i ty  theory given by Banks 

(1972); and modified by t h e  authors  of t h i s  r epo r t :  

I n  most a r eas  of the  world, Bouguer anomalies a r e  negat ive i n  

mountainous regions and pos i t i ve  over the oceans. These anomal.ies 

a r e  explainable  on the assumption t h a t ,  above a depth of compensation, 

t he  average rock dens i ty  under mountains is  l e s s  than the average rock 

dens i ty  under land masses a t  sea  l e v e l ,  while t h e  average rock dens i ty  

under oceans is  g rea t e r  than t h a t  under land masses a t  sea  l e v e l .  

Thus, the e f f e c t  of topography would bc countcrbalanccd by mass o r  



, .densi ty  d i f f e r ences ,  manifested a e  roo t s  o r  a n t i r o o t s  a t  t h e  base of the  

ea r th '  9 c rus t .  These ideas have l ed  t o  t h e  hypothesis of i s o s t a t i c  

equi l ibr ium (see e.g., Heiskanen and Vening Meinesz, 1958). 

Although d i f f e r e n t  concepts on the mechanics of 1 s o ~ : o t . t ~  equi  li- 

brium have been advanced, only two w i l l  be used i n  t h e  c a l c u l a t i o n  of 

i s o s t a t i c  anomalies herein.  These a r e  t h e  Pratt-Iiayford and - 

t h e  Airy-IIeiskatlen concepts of i sos t a sy ,  which have been ex tens ive ly  

used i n  gravimctr ic  s tud ies .  

The Pratt-Hayford concept assumes t h a t  equi l ibr ium is a t t a i n e d  

through unifumn -;ertical columns of d i f f e r e n t  d e n s i t i e s ,  a l l  extending 

downward t o  t he  same depth of compensation. Columns i n  mountainous a r e a s  

are assumed t o  c o n s i s t  of l i g h t e r  ma te r i a l  than  columns i n  the  lower 

e leva t ion  p l a ins  or ocean basins .  A t  t h e  depth of compensation a l l  

masses a r e  i n  hydros t a t i c  equi l ibr ium, t h a t  is, they a r e  subjec ted  t o  

equal  pressures  from a l l  d i r ec t ions ,  whether t h e  masses a r e  under mountains 

or oceans. Thus, two v e r t i c a l  columns of equal  c r o s s  s e c t i o n a l  a r e a ,  

extending from the  sur face  of the  e a r t h  t o  t h e  depth of compensation, w i l l  

exert the  same weight a t  the  base of t he  columns. 

The pressure  a t  the base of Column 1 equals  t h a t  a t  t h e  base of 

Column 2. 

Then, 

where p is  t h e  dens i ty  of Solumn 2 ,  which has a su r f ace  e l eva t ion  of sea 

l e v e l ,  p -  f '  is the  dens i ty  of Column 1, which has a su r f ace  e l eva t ion  

o ther  than sea l e v e l ,  gl is the  average value of g rav i ty  over Column i 

and g2 is the average value of grav i ty  over Column 2. D is  the depth of 



..compensation below sea l c v e l  and h r ep re sen t s  the  e l eva t ion  above s e a  

l eve l .  f' , t h e  d e r ~ s i t y  increasc  o r  decrease of each column, is a func t ion  

of 'he topographic e leva t ion  h, the  d e n s i t y ? ,  and t h e  depth of compeesation 

D. 

TZ;e Pratt-Hayford concept a l s o  assumes t h a t  each column is an  indepen- 

dent ly  compensated u n i t ,  t h a t  ls ,  columns do not  inc lude  compensations 

f o r  topography i n  adjacent  columns (see e.g., Heiskancn and Vening Xeinesz, 

1958). 

I 
[ 

Equation 3.6 shows t h a t  a t  t h e  depth of  myens ens at ion, p ressures  a t  

t h e  base of 211 columns a r e  i d e n t i c a l ,  and thus  the  weights of t he  t o t a l  

columns a r e  the  same. This is  t r u e  assuming t h a t  average g r a v i t y  i s  the  

same w e r  b o ~ h  columns which introduces a smll e r r o r ,  as g rav i ty  decreases  

wi th  elevat ion.  

Then 

which reduces t o :  

and, by neglect ing h i ~ h e r  order  terms 

g ives  

p '  = - -  h f  0 (3.10) 

I s o s t a t i c  equilibrium can be expressed mathematically a s  e q u a l i t y  of 

pressure a t  t he  depth of compensation o r  a s  equa l i t y  of mass i n  overlying 

columns. Eqi. t i o n  3.10 does not s a t i s f y  e i t h e r  e q u a l i t y  of pressure  o r  of 

mass, but  approximates the equa l i t y  of pressure  more c lose ly .  This  is  due 



t o  the  f a c t  tha t  only a ~r~~1l.1 change of gravity is neglected f o r  t h e  

i 
d i f fe ren t  heights of the  colt~mns. According t o  Heiskanen and Vening 

Uoinesz (1958) "the comclon r)pl.nion today is tha t  i s o s t a t i c  compensation 
t 
i 
L 

raldam occurs according t o  tl?e Pratt-llayford assuaiption." 
! 

The Airy-Heiokanen isor . ta t ic  concept absitmes ' t ha t  a l i g h t e r  c r u s t  

f l o a t s  on a heavier mant1.r-, much a s  an iceberg E1o:its i n  water. An 

inadeqwcy i n  thlP-; c ,-rl9,; $ -  ;.,x;!: I 3 th::. ;.: .. root  o f  :,n iceberg extends 

downward from S C C ~  levt?J., !..:,I 1~ t he  roo; iif a ! . . , -A c;;iss extends downward 

from an average depth of the c r u s t  (depth o t  ,.(: ;?ensation), usually 

arsumed t o  b e  20, 30, 40, or 60 lan below sea level .  

I n  t h e  Airy-Heiekanen system, materials  t h a t  ,compensate f o r  topographic 

va r i a t ions  a r e  assumed t o  l i e  v e r t i c a l l y  beneath the  topographic fea tures .  

3 The densi ty of the e n t i r e  c r u s t  is assumed t o  be  a uniform 2.67 gr/cm , 
3 and rhrt of the tmderlyin. mantle 3.27 nrlcm3. OF 0.6 pr/cm grea te r  than 

3 t h a t  of the  crus t .  The density of 2.67 gr/cm f o r  the  ea r th ' s  c r u s t  i r  an  

arl t lnnetic  mean of s ix  ee t ina tes  t h a t  were made between 1811 and 1882 

(Earkncss, 1891) t h i s  f igure  has been used by l a t e r  inves t iga to r s  such as 

Bayfnrd and Bowie (1912). 

When ca lcula t ing  i s o s t a t i c  anomalies according t o  t h e  Airy-Heiskanen 

rystem, the  thickness of the c rus t  f o r  a sea  l e v e l  e levat ion  (land a r e a ) ,  

T, must be assumed. A s  thicknesses of the  c r u s t  a r e  not exactly known, 

i r o s t a t i c  anomalies a r e  of ten  computed using various values of T. Analyses 

of anomalies based on these d i f f e r e n t  values of T can provide indica t ions  

of t h e  probable thickness of tho crust .  

For i s o s t a t i c  a n o m l l c s  a t  sea l e v e l  s t a t i o n s ,  two correc t ions  are 

applied. The f i r s t  is the topographic correct ion,  which removes t h e  e f f e c t  

of a11 masses above sea level .  This correct ion is a l s o  used to  replace  
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ocean water by m a t e r i a l  having a dens i ty  equal t o  t h e  mean su r f ace  d e r ~ s i t y  

of t h e  s o l i d  ear th .  There a r e  var ious  methods f o r  ob ta in ing  topographic 

cor rec t ions ,  based on reading e l eva t ions  from topographic naps f o r  c e r t a i n  

zonal a r ea s  (see e. g. , Gutenberg, 1959). Although t h e  topographic 

cor rec t ions  can be  made f o r  t h e  e n t i r e  e a r t h ,  + t  is s u f f i c i e n t  i n  some 

regions t o  co r r ec t  f o r  topography a t  d i s tances  out  t o  166.7 km of t h e  

s t a t i on .  

The second co r r ec t i on  is made f o r  t he  e f f e c t  of dile compensating mass, 

which is presumed t o  be  d i r e c t l y  beneath each topographic f e a t u r e  and 

below the  assumed depth of compensatior Calcu la t ion  of t h i s  second 

cor rec t ion  is  lengthy;  published t a b l e s  and maps (Hayford and Bowie, 1912; 

Heiskanen, 1938; and Karki, Kivioja ,  and Heisl:anen, 1961). 

The Bouguer anomaly f o r  s t a t i o n s  a t  s e a  l e v e l  inc ludes  only a c o r r e c t i o n  

f o r  t h e  e f f e c t  of t he  surrounding topography. The topdgraphic c o r r e c t i o n  

used i n  t he  i s o s t a t i c  anomaly ca l cu l a t i on  i s  a l s o  t h e  Bouguer topographic 

cor rec t ion .  These topographic co r r ec t i ons  a r e  always added t o  t he  observed 

sea l e v e l  g r av i ty  observat ion.  This  i s  due t o  t he  f a c t  chat t he  mountains 

above t h e  s t a t i o n  and the  dens i ty  def ic iency  of the  water below t h e  s t a t i o n  

both have t h e  e f f e c t  of reducing the  observed g r a v i t y  measurement from 

what would have been measured a t  sea l e v e l  wi th  no water  o r  topography . 

present.  

The Bouguer reduct ion i s  sometimes viewed a s  a type of i s o s t a t i c  

reduct ion corresponding t o  an  i n f i n i t e l y  t h i c k  c r u s t  (Heiskanen and 

Vening Meinesz, 1958). 

Pos i t i ve  o r  nega t ive  i s o s t a t i c  anomalies a r e  i n t e r p r e t e d  t o  mean t h a t  

hydros ta t ic  equi l ibr ium does not  e x i s t  a t  t h e  assumed depth of cornpensation, 



or  t h a t  t h e  method of obtaining the  anomalies needs some modif icat ion 

(Coulomb and Jober t  , 1963). 

I s o s t a t i c  t heo r i e s  propose t h a t  a t  some depth below sea l e v e l  the  

pressure on equal a r cas  is the same everywhere. The ho r i zon ta l  dimensions 

required f o r  a region t o  be i n  equi l ibr ium a r e  not def ined nor genera l ly  

agreed upon. Some inves t iga to r s  be l ieve  t h a t  c ros s  s ec t ions  of t h e  

2 order of 10,000 k r ~  may be l a r g e  enough t o  be compensated (Bowie, 1917); 

othcr  s tud ie s  i nd ica t e  t h a t  a n  a r e a  the  s i z e  of the  Hawaiian I s l ands  

(16,638 km2) is too small  t o  be i n  complete equi l ibr ium (Niskanen, 1945). 

Some people envision t h a t  an  a r e a  must be as l a r g e  a s  t h e  United S t a t e s  

before equi l ibr ium can be achieved (Bowie, 1924). Tsuboi (1940) has  

ca lcu la ted  t h a t  equi l ibr ium requi res  an a rea  with t h e  ho r i zon ta l  dimension 

about t h ree  times the  depth of compensation. This  es t imate  is general ly  

----ntnJ 2s regq~nz31;r r p r re r+ .  Dye tn the  strenzth of t he  e a r t h ' s  c r u s t .  ..-C-C C'- 

i t  is  believed t h a t  complete equi l ibr ium is extremely un l ike ly  f o r  any 

topol..aphic f ea tu re  (Heiskanen and Vening Meinesz, 1958). 

The depth of compensation o r  t he  proper th ickness  of t h e  c r u s t  must 

a l s o  be assumed when ca l cu la t ing  i s o s t a t i c  anomalies. Much a s  Bouguer 

anomalies can be considered t o  be a s  forms of i s o s t a t i c  anomalies when 

the  depth of compensation i s  i n f i n i t e  (completely r i g i d  ma te r i a l s  of 

g rea t  th ickness) ,  so f ree-a i r  anomalies can be considered a s  forms of 

i s o s t a t i c  anomalies when the  depth of compensation i s  a t  s e a  l e v e l  (zero 

c r u s t a l  thickness ,  with topographic masses having zero r i g i d i t y ) .  A 

geological ly  more r e a l i s t i c  p i c tu re ,  i n  view of t h e  high but  not i n f i n i t e  

r i g i d i t y  of c r u s t a l  rocks, i s  t h a t  t hc re  is a depth of compensation a t  

some r c a l  depth beneath the sur face .  The depth a t  which compensation 



occurs  is assumed. I n  t h e  Airy-flciskanen concept,  the  assumed depths  

a r e  20, 30, 40 and 60 km; i n  t he  Pratt-Hayford concept ,  t h e  assumed 

depth is 113.7 km. 

A p a r t i c u l a r  dens i ty  s t r u c t u r e  f o r  t h e  c r u s t  and mantle is a l s o  

assumed f o r  the  var ious  i s o s t a t i c  systems. Alt?,ough t h e  cons tan t  

c r u s t a l  dens i t y  assumed i n  t h e  Airy-Heisbnen theory may c l o s e l y  approxi- 

mate the  world average, s p e c i f i c  a reas  of the world may dev ia t e  from 

t h i s  assuued va lue  (see e.g., Walcott, 1967).  This  f a c t  could a f f e c t  t h e  

r e s u l t s  obtained from an i s o s t a t i c  study. 

In making Airy-Heiskanen i s o s t a t i c  reduc t ions ,  t h e  Mohorovicic 

d i s con t inu i ty  is assumed t o  be  t he  boundary between the  c r u s t  cons i s t i ng  

of one uniform dens i ty  and t h e  mantle cons i s t i ng  of another  uniform 

densi ty .  Seismologists f i nd  t h a t  two and poss ib ly  t h r e e  d i s c o n t i n d i t i e s  

exist  above t h e  Mohorovicic d i s con t inu i ty ,  and possih1.y some beneath t h e  

d i scont inu i ty .  Calculated i s o s t a t i c  anomalies have s h o w ,  however, t h a t  

near ly  t h e  same i s o s t a t i c  r e s u l t  can be  obtained by assuming e i t h e r  one 

o r  even s e v e r a l  d i s con t inu i t i e s .  Thus, before  two o r  more d i s c o n t i n u i t i e s  

can be used i n  ca l cu l a t i ons ,  more r e l i a b l e  evidence is needed concerning 

t h e  d i s c o n t i n u i t i e s  (Heiskanen and Venins Meinesz, 1958). 

So, one can co r r ec t  g r av i ty  06served a t  sea by making four  c o r r e c t i o n s  

(Grant and West, 1965). The f i r s t  c c r r cc t i on  is  the  Free-Air c o r r e c t i o n ,  

which takes  i n t o  account t he  pos i t i on  of the  g r a v i a e t e r  wi th  r e spec t  t o  s ea  

l e v e l .  The co r r ec t i on  is  subt rac ted  from go a s  a  func t ion  of depth of measure- 

ment below sea  l e v e l ,  and i s  given by t h e  following equat ion 



This cor rec t ion ,  of i t s e l f  a t  sea, has l i t t l e  meaning because of t h e  f a c t  o f  

having t o  account f o r  t he  t h i n  p l a t e  of water above t h e  ocean f loo r .  The Bouguer 

P l a t e  Correct ion must be appl ied herein. This co r r ec t ion  d e l e t e s  t h e  e f f e c t  

of t he  upward p u l l  of t h e  water s ec t ion  and i n  a second app l i ca t ion  w i l l  r e s t o r e  

t h e  p u l l  downward by t h e  water s ec t ion  i f  t h e  measuring device had been loca ted  

at  t h e  ocean surface.  This  reduct ion is always p o s i t i v e  i n  na ture  and i s  given 

It should be mentioned t h a t  t h e  combined co r rec t ions  t o  go, a s  given by Agbc 

and Agfc a r e  r e f e r r e d  t o  a s  t h e  free-air-at-sea cor rec t ion .  

A cor rec t ion ,  A qc, based on t h e  assumption t h a t  t h e  ocean bas ins  represent  

a mass def ic iency  not compensated i s o s t a t i c a l l y ,  and is then always pos i t i ve .  

This  cor rec t ion  is ca l l ed  t h e  Secondary P l a t e  Correct ion and i s  given by t h e  

following r e l a t i o n  

Agb'c = 0.0688h 

where h is t o t a l  ocean depth. 

A fou r th  co r r ec t ion ,  Agi, c a l l e d  t h e  I s o s t a t i c  Correct ion can be ap.3lied 

and can be  based on the  aforementioned theo r i e s  of Pratt-Hayford and Airy- 

Heiskanen. 

Another cor rec t ion  is t h a t  due t o  t he  f a c t  t h a t  measurements a r e  being made 

from a moving vehic le  and i s  ca l l ed  t h e  Eotvos co r r ec t ion  and must be  removed 

f r o s  observations.  It is 

where the  plus  s ign  denotes eastward sh ip  movement, t h e  negat ive s i g n  denotes 

westward motion and vSV denotes the  sh ips  ve loc i ty .  This  co r r ec t ion  is based 



on t h e  f a c t  of ex is tence  of t he  fictitious c e n t r i f u g a l  f o r c e  due tl3 thl .  ~ a r t h ' s  

ro t a t i on .  

Knowing the  cons t i t uen t s  of t h e  g rav i ty  cc r r ec t i ons  then,  oile d e r i v e s  a 

s e r i e s  of r e s u l t a n t  anomalies, represen t ing  the  free-air-anoninly-at-,ea, 

t h e  Bouguer anomaly a t  s ea ,  Ag and t h e  i s o s t a t i c  anomaly a t  sea, A k i .  The b 

appropr ia te  r e l a t i o n s  a r c  a s  fol lows 
* 

and Agi = Ag,, + Agic 

From comparisons, i t  appears t h a t  t h e  f ree-a i r  anomalies,  Agf, a r e  genera l ly  

l i k e  those which r e s u l t  from i sos t a sy  reduc t ion  cons idera t ions  and :re then ,  

consider ing t h e  grcd te r  s i m p l i c i t y  of c a l c u l a t i n g  gf, used t o  c a l c u l a t e  t h e  

. Stokes futlction N i n  expression 3.3. 

Worzel and Shurbet (1955) compiled a s e r i e s  of g r a v i t y  observa t ions  made 

a t  104 sea  s t a t i o n s .  Three of t h e i r  seven t r a n s e c t s  (Figure 4.1) a r e  app rop r i a t e  

t o  our Gulf Stream a r e a  of i n t e r e s t  and t h e  marine g r a v i t y  d a t a  which has  been 

used i n  an  at tempt  t o  c a l c u l a t e  t h e  Stokes func t ion  i s  shown i n  Figures  4.2 

through 4.5. 

It has been mentioned previously t h a t ,  a s  Garland (1965) s a i d ,  t h e  calcu- 

l a t i o n  of N a t  any poin t  is dependent on a knowledge of Ag over t h e  whole e a r t h  

and t h e r e  a r e  ba re ly  s u f f i c i e n t  observat ions i n  some reg ions  t o  permit accu ra t e  

ca l cu l a t i ons  anywhere. To avoid t h i s  problem, then,  Vening Meinesz (Heiskanen 

and Meinesz, 1958) demonstrated t h a t  where g rav i ty  anomaly g rad i en t s  a r e  "smooth," 

then the  azimuth of t h e  near f i e l d  v e r t i c a l  d e f l e c t i o n  i s  measurably co-incident  



with t h e  d i r e c t i o n  of t h e  g rav i ty  anomaly gradien t .  If one draws a c i r c l e  

of rad ius  30 kilometers (e.g. ,  Heiskanen and Meinesz, 1958) around the  poin t  

i n  quest ion and computes average f r ee -a i r  g rav i ty  anomaly g ~ a d i d n c s  ac ros s  t he  

meridional and zonal  diameters of t he  c i r c l e  then,  one can use t h e  Meinesz 

development t o  imply an  approximated Stpkes funct ion.  This procez---c wzs 

followed i n  the development of t h e  curves depicted i n  Figure 4.6 t h ~ o u g h  4.8 

and was based on tile fucizcl and Shurbct d ~ t a .  

The r e s u l t s ,  a s  shown i n  t h e  curves i n d i c a t e  t h a t  i n  general  t h e  Stokes 

funct ion increases  i n  magnitude from Cape May t o  Cape Henry t o  Cape Hat te ras  

wi th  the  t o t a l  d i f f e r e n t i a l  i n  t h e  geoidal  undul3tion being augmented from 

approximately one meter a t  Cape May t o  two and a half  meters a t  Cape Henry t o  

t h r e e  meters a t  Cape Hatteras .  

Since t h e  order  of magnitude of t hese  undulations i s  a t  l e a s t  as l a r g e  

systems adjustment (c f .  Sections 2 end 3 of t h i s  repor t )  then the  non-ocean 

cur ren t  based causes must be subtracted from t h e  t o t a l  dev ia t ion  i n  t he  geoid 

i f  one is t o  look a t  sea sur face  s lopes  r e l a t ed  t o  ocean systems with any 

in s igh t  and confidence. 
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5 DISCUSSIONS AND RECO~I.IEFIJ?ATIONS 

5.1 DISCUSSIONS 

Based on t h e  r e s u l t s  of t h i s  s tudy ,  t he  fo1-lowing poiilttl a r e  of s p e c i a l  

i n t e r e s t :  

(a) Contrary t o  t he  accepted view, t he re  a t e  f l u c t u a t i o n s  of t h e  Gulf Stream 

occurring over extremely sho r t  per iods of t i m e  of t hc  order  o l  s e v e r a l  

days. Such changes can e a s i l y  h e  ohserved from Figures 3.32 t o  3.36. 

Qua l i t a t i ve ly ,  such changes a r e  independelrtly confir~ned by in f r a r ed  

imagery a s  shoka by Stumpf (1974) i n  Figures 5 .1  and 5.2. It is not  c l e a r  

what t h e  cauzz of such s h o r t  time change may be. Local wind s t r e s s  seems 

improbable both from the  energy argument of Stomr.el (1966) and from a c t u a l  

f i e l d  d a t a  presented i n  Chapter 3 which shows low c o r r e l a t i o n  between 

l o c a l  wind and t h e  Gulf Stream loca t ion  and s t r eng th .  A pos s ib l e  cause is  

the i n s t a b i l i t y  of the  stream which causes some Gult Stream water masses i;o 

s p i n  off i n  an apparent energy r e l i ev ing  process.  Scch "eddies ," "shingles" 

o r  "sausages" would show up i n  hydrographic da t a  as w e l l  a s  i n f r a r ed  imagery 

r ~ s  reported by Rao, Strong and Koff ler  (1971). These phenomena a r e  

impossible t o  study u s i ~ ~ g  only shipboard instruments  and methods. This  

can be  f u r t h e r  demonstrated by the  following example. L l t  curve 1 i n  

Figure 5.3 be the  Gulf Stream a t  time TI, and curve 2 be t h e  Gulf Stream 

a t  t ime T2. I f  a  s h i p  s e t  cu t  t o  study t h e  F ~ € ! ~ o ~ c ~ o G  a t  TI and f i n i shed  

t h e  study a t  T2. The da ta  t h a t  t he  s h i p  a c t u a l l y  co l l ec t ed  would r e s u l t  i n  t h e  

s o l i d  curve which is  not r r c e  a t  any time. Of course i f  t h e  time s c a l e  of 

t h e  phenomenon f.s r e l a t i v e l y  long compared t o  t h e  c r u i s e  time, t he  s h i p ' s  

d a t a  w i l l  be more accurate .  Unfortunately,  high frequency changes do 

occur. Such mobi l i ty  of t h e  Gulf Stream i m c d i a t e l y  l cads  i o  t h e  ques t ion  

not  only of t h e  f i d e l i t y  of t h e  da t a ,  but  a l s o  of t h e  geostrophic  assumption 



which depends c r u c i a l l y  on s teady s t a t e  condit ions.  The inf luence  of 

shor t  period va r i a t i ons  on dynamic ca l cu la t ions  has been discussed by 

Seiwell (1939). The implicat ion seems t o  be t h a t  f o r  highly v a r i a b l e ,  

l a rge  s c a l e  motions, such a s  world cur ren t  systems, remote sensing may be 

the  only p r a c t i c a l  t o o l  t o  use  i n  a synopt ic  seqse. 

(b) The seasonal v a r i a t i o n s  of t h e  Gulf Stream a r e  considerable .  Due t o  t h e  

seasonal changes of t 2 global  wind f i e l d ,  t he  Gulf Stream ill have t o  

change accordingly. This problem has been s tudied  by F u g l i s t e r  (1951) and 

he concluded: "The maximum cur ren t  speeds occur during the  summer i n  t h e  

southern segments of t he  Gulf Stream sys t ez  and during t h e  win ter  i n  t h e  

north segments. The minimum speeds occur during t h e  f a l l  months throughout 

t h e  system." The r e s u l t s  a r e  presented graphica l ly  i n  Figures  5.4 and 

5.5. The f luc tua t ions  a r e ,  of course,  due t o  t h e  g loba l  wind f i e l d  and 

a r e  not d i r e c t l y  r e l a t ed  t o  the  l o c a l  wind f i e l d .  F u g l ~ s t e r  found, however, ' '- 

t h a t  the  Gulf Stream s t r eng th  cor re la ted  d i r e c t l y  with t h e  t r a d e  winds but  

only p a r t i a l l y  with t h e  l o c a l  mean wind. 

(c) Beyond the  seasonal f l uc tua t ions ,  nothing can be s a i d  about year  t o  year 

changes. The ex i s t i ng  da t a  a r e  too sparse  t o  be of any use i n  addressing 

long term v a r i a t i o n a l  pa t te rns .  However, s i n c e  1ong.term meteorological  

cycles  20 e x i s t ,  i t  s tands  t o  reason t h a t  t he re  may be s i m i l a r  cyc les  

which the Gulf Stream qbsenres. Fluctuat ions a t  t hese  s c a l e s  can not  be 

s tudied by t r a d i t i o n a l  methods because f o r  such long term meteorological  

cyc les ,  the  temporal s ca l e s  a r e  of s u f f i c i e n t l y  l a r g e  enough s i z e  t h a t  t h e  

Global c i r c u l a t i o n  systems (Figure 5.6) might i n t e r a c t  with each o the r .  

Such in t e rac t ion  w i l l ,  i n  t u rn ,  inf luence long term weather cycles .  This  

phenomenon should be one of t he  most important and unique t a s k s  f o r  remote 

sensing oceanography t o  address i t s e l f  to .  



(d) Due t o  the  d iscuss ion  above, i t  becomes obvious t h a t  a s i n g l e  Gulf Stream 

model, good f o r  a l l  time, is impossible. Though a mean is s t i l l  poss ib l e ,  

as reported by Keondzhvan (1973). t h e  model should be used jud ic ious ly .  

(e) The undulations caused by topography and i s o s t a s y  i n  t he  reg ion  of t he  

cont inenta l  she l f  break would appear t o  be of t he  order  a f  s e v e r a l  meLers 

excursion which is a t  l e a s t  as l a r g e  i n  magnitude as any change i n  sea  . 
sur face  height  as a funct ion of t h e  Gulf Stream. Since t h e  s o l i d  e a r t h  

based causes f o r  geoidal  undulations a r e  not  time dependent, then i t  would 

be of considerable  worth t o  be  a b l e  t o  simply d e l e t e  such cause and e f f e c t  

from t h e  data .  The implicat ion is t h a t  sub t r ac t ing  ou t  t h e  e f f e c t s  of 

c ross ing  the  she l f  rise would al low one t o  look a t  ocean systems d i r e c t l y .  

5.2 RECaNMEh?iATIONS 

Based on the  s tudy,  t h e  following recornendations can be  made: 

(a) The remote sensing method should be used t o  cover t he  g loba l  ocean cont inuously 

f o r  a n  extensive period of time so t h a t  t h e  temporal and s p a t i a l  v a r i a t i o n s  

can be  determined over a l l  ranges. It is granted t h a t  t h e r e  are l i m i t a t i o n s  

of remote sensing methods and, t he re fo re ,  comparisons wi th  a v a i l a b l e  i n  s i t u  

f i e l d  d a t a  should b e  made complementarily with each o the r .  

(b) Since most s t rong  cu r ren t  systems i n  t he  world occur a s  western boundary 

flows, e.g., t he  Gulf Stream and Kuroshio, ca re  should be  taken when we 

a r e  t ry ing  t o  i n f e r  cur ren t  condi t ions from a l t i m e t e r  measurements and 

gcostrophic theory,  s ince  pa r t  of t he  Gulf Stream genera l ly  fol lows t h e  

cont inenta l  she l f  where the  geoid per turba t ion  caused by t h e  con t inen ta l  

r i s e  could be  mistaken a s  pa r t  of t he  stream. Therefore,  a d e t a i l e d  s tudy 

of geoid per turba t ion  along the  cont inenta l  she l f  should be one of t h e  

most c r u c i a l  t a sks  t o  be worked on. 



Figure 5.1 Facsimile chart for October 23-28, 1973 (Stumpf, 1974). 
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Figure5.2 Facsimile chart for November 3-6, 1973 (Stumpf, 1974). 





Figure 5.4  Location of segmencs o? rhe G u l l  s i ~ e * ~  S Y 6 t i C i  

used to calculate annual variations i n  current 
speeds. Arrows show resultant current directions 
(Fuglister , 1951) . 
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Figure 5.5  Annual v a r i a t i o n  i n  the  c u r r e n t  
speed  i n  t h r e e  segments of the 
Gulf S t r e a n  sys tem.  Observed 
data, solid l i n e s  c a l c u l a t e d  
combinat ion  of a n n u a l  and semi- 
annual p e r i o d s ,  dashed l i n e s  
(Fuglister , 1951) .  ' 
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